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Example 1: 1D harmonic oscillator,
time-independent and time-dependent

Ex. 2: 1D time-dependent non-linear oscillator
Ex. 3: 2D time-dependent harmonic oscillator
Ex. 4. System of Coulomb-interacting particles
Application: verification of computer simulations
Conclusions
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A point transformation maps “points” into “points™
(7,%) = (q,t)

~> the point transformation uniquely determines the
mapping of the velocity vector

7 q'
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The mapping ¢ — ¢ is hereby uniquely determined
., dg,  dgi+edn; ¢ +en;

. — — — :z .i_ z 027
%= 90 T it ede . ¢; +en; —e€g; + O(e”)

Noether’s Theorem = n. 4/30



_ 0q,

) ’i)t — 0
7z | . Ni(ds,t) = —_ o

The mapping ¢ — ¢ is hereby uniquely determined

o dg;  dg;+edn; g+ eny

. — — . :.7; .i_ z O 27
G g T dt T ede e G; +en; — e€q; + O(e7)

which means that to first order the variation d¢; IS
6G; = (i — £4s) -
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The mapping ¢ — ¢ is hereby uniquely determined

,_ dg;  dgi+edn; i 4-eny
LT T Tdttede T 1t ef

— §; + e — e€d; + O(€?),

which means that to first order the variation d¢; IS
6G; = (i — £s) -
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(g qt) = L(TqY) — efo(d,t) + O(?).



LN(qqit) = L(Tqt) — efo(qt) + O(%).

]

On the other hand, we may express L (g ¢]t') in
terms of a truncated Taylor expansion of L (g, 7 t)

AN - 8_ S oL /i
L(Qant) i L( )+ Ot 0t + Z [8%5(]@ 8%5%] "

1=1
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LN(qqit) = L(Tqt) — efo(qt) + O(%).

]

On the other hand, we may express L (g ¢]t') in
terms of a truiicated Taylor expansion of L (g, 7 t)

AN - 8_ S oL /i
L(Qant) i L( )+ Ot 0t + Z [8%5(]@ 8%5%] "

1=1
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o [fO(Cfat) — &L+ ; (&qi — mi) B4,

p=\

~> |...| constitutes a conserved quantity I along the

—

solution (g(¢), ¢(¢)) of the Euler-Lagrange equations

oL . OL_dor
0q; Og; dt 0g;

=0,2=1,....n

I = fo(q, t)—fL—FZ (&di — m:)
=l
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Applying these rules to the Noether invariant, we find

n

I =€) H(G,p,t) — Zﬁi(%t)pz’ + fo(q,t)
i—1
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Applying these rules to the Noether invariant, we find

n

I =€) H(G,p,t) — Z"?i(%t)pz' + fo(q,t)
i—1

The conditional equation for f(q,t) translates into

dl

!
=0
dt

dt g(t)H(C—T’ﬁ’t)_;Ui(Qiat)pi—Ffo((f,t) — () <—
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b; - Ba; 5 =0
: . oV 0fo 0
0 . —_— _ . p—
p; EV(q,t)+¢& 57 + + E@ M 0

ot 8q7;
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The Noether invariant I for the particular Hamiltonian
system H(p, q,t) = >, p;/2+ V(q,t) writes

[=¢(t) H— L6 ZPiQﬂrig(t) Z%Q

Prior to presenting examples 1a, 1b, 2, 3, and 4, we’ll
discuss the meaning of I"and the equation for £(¢).
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first-order equations that uniquely determine ¢(t),
p(t), and £(t) — and hence the invariant /.
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auxiliary equation a closed coupled set of 2n +
first-order equations that uniquely determine ¢(t),
p(t), and &£(¢) — and hence the invariant /.

« The Invariant cannot ease the problem of
Integrating the system’s equations of motion.
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auxiliary equation a closed coupled set of 2n + 3
first-order equations that uniquely determine ¢{¢),

p(t), and £(t) — and hence the invariant /.

« The Invariant cannot ease the problem of
Integrating the system’s equations of motion.

» In the special case of autonomous systems, the

function £(¢) = 1 is always a solution of the
auxiliary equation. With this solution, the
Invariant I coincides with the Hamiltonian H.
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auxnlary equatlon

General solution with a, b, ¢ the integration constants:
£(t) = a + bcos 2wyt + ¢sin 2wyt

(1) Casea =1,b=0,c=0:
Et)y=1 = L =H
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Defining £y =T — V, E5 = 24/TV, the invariants I, and I3 follow as

I cos 2wpt  — sin 2wqt FE4

13 sin 2&)0?5 COS 2600?5 E2
Only two invariants are functionally independent:

=L+1I3
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£(t) # const.

» The invariants I, and /5 are related to the time
evolution of both the Kinetic energy 7' and the

potential energy V/, starting from the particular
Initial energies 7, and V.
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£(t) # const.

» The invariants I, and /5 are related to the time
evolution of both the Kinetic energy 7' and the
potential energy V/, starting from the particular
Initial energies T, and V.

« 1D linear system: the ¢(t)-dependence of the
auxiliary equation cancels — in contrast to the
general case.
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& (t) + 4w (1) E(t) + dww &(t) =0

We observe:

» Non-autonomous system: all invariants are
associated with &£(t) ## const.

1D linear system: the auxiliary equation is not
coupled to the canonical equations.

» The auxiliary equation agrees with the equation

for ¢*(t) ~ we may identify £(¢) = >, ¢7(¢) in
this 1D linear case.
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£ 448w +4wa + 2(t)[26 a + 5E a] + 4q2 (1) [€ b+ 3ED] =0
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£(t) 1s now a solution of the auxiliary equation

E4afw® +48wi+29(t) [26a+ 5Ea] + 42 (1) [€b + 3Eb] =0

+ Non-autonomous system: a solution &(¢) = const

does not exist.
* Non-linear system: the canonical equations and
the auxiliary equation are now coupled.
~» The auxiliary equation can only be integrated
simultaneously with the canonical equations.
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The auxiliary equation for this case reads

€ (@2 + ¢2) + 46 (w2q? + w2g?) + 46 (watnq? + wyinyg?) = 0

Noether’s Theorem — p. 16/30



The auxiliary equation for this case reads

€ (@2 + ¢2) + 46 (w2q? + w2g?) + 46 (watnq? + wyinyg?) = 0

® Non-autonomous system: a solution £(¢) = const does not exist.
® 2D system: the auxiliary equation depends on ¢(t).
® The auxiliary equation couples the degrees of freedom.

® The solution £(¢) may be unstable even if ¢, (¢) and g, (t) are stable.
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Isotropic 2D oscillator, isotropic initial conditions Isotropic 2D oscillator, isotropic initial conditions
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Isotropic 2D oscillator, isotropic initial conditions Isotropic 2D oscillator, isotropic initial conditions
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Anisotropic 2D oscillator Anisotropic 2D oscillator
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Anisotropic 2D oscillator Anisotropic 2D oscillator
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with ¢; = ¢ /4meom and r7; = (z; — CUj)z + (y; y])Q + (2; z])2.
The invariant has the usual form
N ) N
I = — 3¢ Z (@i Py * Ui Pyi F ZPzs) o 26 Z(xf—I—yf—i—Zf)

=1
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does not exist.

» 3N -degree-of-freedom system: the auxiliary
equation depends on 7, v, and Z.

« The particular evolution of £(¢) characterizes the
dynamical behavior of the system as a whole.

* &(t) may be unstable even if the dynamical
system itself is stable. Then, the hyper-surface
I = const becomes increasingly distorted.
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&(UT)

1.4
1.2

0.8
0.6

£(t) as stable solution of the auxiliary equation for oy = 45°, 0 = 9°.
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€(t) as unstable solution of the auxiliary equation for oy = 60°, o = 15°.
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N -particle system.
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« &(t) reflects the collective evolution of the
N -particle system.

« Example: stability analysis of the auxiliary
equation for the time-dependent linear oscillator

~»> regimes of oscillatory versus chaotic time
evolution of charged particle beam envelopes.
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« £(t) reflects the collective evolution of the
N -particle system.

« Example: stability analysis of the auxiliary
equation for the time-dependent linear oscillator
~»> regimes of oscillatory versus chaotic time

evolution of charged particle beam envelopes.

 Further investigations on this issue are necessary.
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: . oV (q,t
q; = Di , pi+$
q;

and for £(t) a solution of the linear third-order auxiliary equation

o~ : 1% 1%
214 1 i— | +46=—=0.
si;qﬁ 5(”2;%%)* §—, =0

This can also be shown directly if we evaluate dI /dt and insert the auxiliary
equation. The remaining terms vanish exactly if the canonical equations hold.
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« ~» |If the canonical equations and the auxiliary
equation are integrated numerically, the quantity
I 1s no longer strictly constant.
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« ~» |If the canonical equations and the auxiliary

equation are integrated numerically, the quantity
I 1s no longer strictly constant.

« [I(t) — I(0)]/1(0): relative deviation of the
calculated /(t) from the exact invariant 7(0). ~»
“A posteriori” error estimation for the simulation.
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limited accuracy of numerical methods.

« ~» |If the canonical equations and the auxiliary
equation are integrated numerically, the quantity
I 1s no longer strictly constant.

« [I(t) — I(0)]/1(0): relative deviation of the
calculated /(t) from the exact invariant 7(0). ~»
“A posteriori” error estimation for the simulation.

» ~» Generalization of the accuracy test H = const,
which applies for autonomous systems only.
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900 simulation particles

Relative invariant error A7 /I, for 3D simulations of a charged particle beam
with different numbers of macro-particles.
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Relative invariant error A7 /I, for a 3D simulation of a charged particle beam
with a systematic 5 %-error in the space-charge force calculations.
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- Apart from very specific cases, the auxiliary
equation for £(¢) depends on the canonical

coordinates ¢(¢). This induces a coupling of the
auxiliary equation to the canonical equations.
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equation.

- Apart from very specific cases, the auxiliary
equation for £(¢) depends on the canonical

coordinates ¢(¢). This induces a coupling of the
auxiliary equation to the canonical equations.

» The coupled (2n + 3)-system of 2n first-order
canonical equations and the 3 first-order auxiliary
equations determines both the system’s time
evolution and its symmetries.
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surface that includes the energy flow into and
from the Hamiltonian system H(p, q,t).
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takes place. It can be interpreted as the energy
surface that includes the energy flow into and

from the Hamiltonian system H(p, q,t).

The solution &(t) of the auxiliary equation may
be unstable even if the dynamical system itself Is
stable. The stability analysis of the the auxiliary
eguation may provide a direct method to classify
a Hamiltonian system with respect to chaotic and
non-chaotic behavior.
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Is talk Is available under
“http://www.gsi.de/ “struck”
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