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/ Review: Deterministic versus Statistical Approach \

Intra-beam scattering: multiple small-angle Coulomb scattering within
a charged particle beam.

~» Mechanism that limits the life time of beams in storage rings.
~» N-body problem withV very large, which is fully determined
by both the coupled set of single particle equations of motion

d? q° T; — T |
mﬁwi—FeXt(wi,t)— Z o J :O, Zzl,...,N

and the initial condition

(CEl(t()),’Ul(to), St ,wN(to),’UN(to)) .

~» The particles actuallgo interact with each other- collective effect
~» The effect of intra-beam scattering originates in the granular
\ nature of the beam’s charge distribution. /
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/Liouville’s theorem (proper) states that the volume elenant \
dl' = dx1dv; ...deydoy = dxjdv) ... dxydo'y

of a Hamiltonian/V particle system ismvariant with respect to
canonical transformations— in particular with respect to the system’s
time evolution.

~+ just a one invariant out of the set of Poinganvariants.

We may easily proof Liouville’s theorem by showing that the determingnt
of the Jacobi matrix associated with a canonical transformation is unity.
Note:the projection otiI"' to subspaces — especially to thelimensional
phase-space @~dimensional phase-space planes — do&shecessarily
provide a conserved quantity!
We summarize:
~» The deterministic approach “works” but is by far too costly.
~> Alternative: description in terms of statistical mechanics:

\ continuous description of beam dynamics. /

.y
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éor the continuous description of the ion beam, we defiﬁﬂdtmensio@
phase-space probability density function

f: f(iE,’U,t)

~» f dx dv provides the probability of finding a particle inside the
volumedz dv around the phase-space paimt v) at timet.
~» f 1S @ smooth function of the phase-space variables.
~» f doesnot provide information on individual particles.
The “special”’ Liouville theorem
df
=
applies for systems with non-negligible Coulomb interaction only if

0

1. no particle losses—> [ fdx dv = const.

2. the system can be described to sufficient accuracydmnanuous
Hamilton function. This means that we must be allowed to treat th
\ Internal space charge forces analogously to an external force 1‘i&ldj.E
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We observe;

-

The statistical description smoothes out the effects reflecting the actudl
charge granularity.

~» The usual equation of motion of the phase-space probability density

in the form given by Liouville’s theoremif /dt = 0 doesnot cover
Intra-beam scattering effects.
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/ “Non Liouvillean” Effects \

~> An additional equation, hence a generalization of the “special”
Liouville theorem is necessary (Chandrasekhar (1943)):

af Of
a—“lalm

If the non-Liouvillean effects are small compared to the macroscopic
forces (smooth space charge and external forces), we can describe them
by the Fokker-Planck equation:

ol =2

D,; are referred to as elements of the “diffusion tensor” andithas
elements of the “drift vector” that describes the “dynamical friction
forces”. They must be determined appropriately depending on the natlire

KOf the underlying physical process. /

1) f}
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The effect of “dynamical friction” for repelling forces may be visualized
as

before and after closest encounter

As is easily verified, a friction also occurs for attracting forces.
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We summarize:

~

e The statistical description replaces the original problem of solving
6N coupled first-order equations lmpeequation of motion for the
6-dimensional probability densitf(x, v, t).

e \We give up the knowledge on individual particlessimplification.

e The intra-beam scattering effects are modeled by a diffusion procegss
In velocity space that is opposed by a dynamical friction force. Thig
process evolves within an effective potential given by the external
focusing and the smooth part of the self-fields.

e Friction and diffusion effects depend on each other
~» fluctuation-dissipation theorem.

e Remark: The effect of irreversibility occurs as a consequence of this
description.

o /




/Explicitly, the generalized Liouville equation fgi(x, v, t) writes \

Of < f
8t+;vz +sz(% H 5

which — after inserting the equations of motion — is usually referred tp
as the “Vlasov” equation

—+U vf—l__ Fext+qusc vvf:[ ]
m( ) ot | nL

Herein F..; stands for the external forces applied to the beam by focusjng
elements (such as quadrupoles) dhg. for the smooth part of the space
charge forcesk depends orf via Poisson’s equation:

dwﬁm@J%:Q/f@mJMu
€0

Q?f/at]NL denotes the Fokker-Planck terms. /
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We observe:

=

e The coupled set of Vlasov, Poisson, and Fokker-Planck equations
provides the equation of motion fgrthat includes intra-beam
scattering effects.

e Even this equation is too costly to solve directly.
e We do not really want to knovf(x, v, t) in detalil.

e \We must switch to even more global quantities to efficiently estimg
Intra-beam scattering effects.

~

te

/
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/ Moment analysis of the Vlasov-Fokker-Planck equation

The usual way to switch to even more global physical quantities is to
consider “moments” of (x, v, t) (F. Sacherer, P. Lapostolle (1970)):

(/

<x2>:/x?f(w,v,t)dwdv, i=1,2,3.

\/ (z?) is proportional to the actual beam widthain.

ldea:Instead of solving the equation of motion f6ywe are going to set
up and solve the equations of motion for the second beam moments.

The derivatives of the moments are calculated according to

d , o 2 Of
— {22\ = i
3t (%) / g Y
leertingaf/at from the Vlasov-Fokker-Planck equation. /
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/Integrating by parts, we obtain for each phase-space plamm®upled se\t
of “moment” equations

d
g (7 =2 (@) =0
d
ma <331,Uz> —m <UZQ> - <xiFext,i> —q <CC1',ESSC,1',> = <xiFfr,i>
m% <’U12>_2 <U7erxt,i> _2q <viESSC,i> — <UiFfr,i>—|_2m <Dm>

As usual, we define the rms emittangét) as

£2(8) = (a?) (0F) — (zos)”
The time derivative of the rms emittance may be arranged as

d

d
2
dtgl()

2

SSC

d 2 d 2
T2 = S22

fp

o /
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/152(15)} and < 2(t)\SSC describe the emittance change due to \

dt 1 dt i
non-linear external focusing forces and smooth non-linear electric

self-fields.

m d
— —622 (t) — <x@2> <'U1Fext,i> <xzvz> <szext 1,>
2 dt ot
=0 <— Fext i X Xy
md , 2
E% z(t) — q [<$Z> <’UiEssc,i> _ <$zvz> <x7jEssc,z'>} .

The third contribution to the change of the emittance emerges from the
terms of Fokker-Planck equation

e

— <ZC?> <U7§Ffr,z'> — <$Z’UZ> <x Ffr i _|_ m< 2>

fp
~» the emittance growth depends on both the Fokker-Planck coefficients
Kand and the specific shape of the envelope functions. /

14



/ Determination of the Fokker-Planck coefficients \
Up to now, the physical nature of the diffusion/friction process has not
been specified.

For the effect of intra-beam scattering, ; can be obtained by

1. solving the equations of motion for a single small angle scattering
event

2. averaging over all allowable impact parameters,
3. subsequently averaging over the velocity distribution of the beam.

Not too far from thermodynamic equilibriuf, ; is given by
(Chandrasekhar (1943), Jansen (1990), and others):
_ 16y/n Z* ;

mc2 3/2
Ffr,i — _mﬁfvia ﬁf T 3 A2 L (QkTeq> - InA

with r. = e3/(4megmc?) the classical particle radius,the particle
\density, and;, the equilibrium temperature. /
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Discussion of the fluctuation-dissipation theorem:

Systems in dynamical equilibrium are governed by
e diffusion: effect that drives a quantity off its steady-state value

e friction (dissipation): effect that causes the decay of this deviation
from the steady-state value.

The diffusion process and friction effects arat independent of each

other.
~» Both effects are related by a fluctuation-dissipation theorem

~» Simplest case (isotropic process): Einstein relation

kB Teq
m

WD) = Dy = [0

We will use this simple approximation in our approach.

o /
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/ Generalized beam envelope equations \

With
Fy; = —mBy vy, Foi i = —mwi (t) z;

we obtain the generalized envelope equation from the first two moment
equations

A N e

For the Fokker-Planck emittance change, the above approximations lgad

to
kpToq €3(t
fp

1 d ,
@ g )

~» simple temperature relaxation equation.

Q closed set of differential equations fof (z2) ande?(¢). /
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/ Beam “Temperatures” \

Non-equilibrium temperature:

For charged particle beams, we define the generalized, non-equilibriur
“temperature’sgT; as the instantaneouscoherentpart of the kinetic
energy of the beam particles in th¢h degree of freedom:

kgT; =m <(v;nc)2> : Vi = v; — @y —<£<C;2};>

since the total kinetic energy (v ) /2 contains a coherent part if
(x;v;) # 0. With the rms emittance; defined by

£3(8) = (a7) (vf) — (@avi)’
the non-equilibrium “temperaturé’sT; of the:-th degree of freedom
can then be expressed as

N
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Equilibrium temperature:

For a coasting beam in a strong focusing system, we have

I = W = Wy < Wy

and vice versa. WithpT, , = m <(sz,b)2> the longitudinal
temperature in the beam frame, we may approximate the equilibrium
temperaturd ., by

kBTeq kg 1 2 €y 2
— — (=0, =T = = = Av,
i Sm(m—i_ y +1%) 3<<$2>+<y2>+<( U,b)>

o /
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Emittance growth rates

With the temperature relations, the above formula for the F-P related
emittance growth is obtained for thedirection as

_ 28 (228) &) /o0
R <<x2> () >>’

or equivalently with the temperature ratios, = 1;(t) /1 (%),
ry. =1, (t)/Ty(t), andr,, = T,(t)/T,(t)

_ 205
3

1 d,
@%%(t)

fp

d
— Ine? ()

dt (T:Cy + ez — 2) y

fp

~» The change of the emittance may be positive as well as negative.

o /
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Summing over all three degrees of freedom, we get

d
— Ineiele?

€

2

Final result:.we integrate this equation over one turro

ef — 96f( wy+[wz+[yz)

_ 20+ ((1 — Tl‘y)z 4 L = G X (1— Ty2)2> >0
r
~» The total change of all emittances is always positive.

emittances-folding time ¢ of the total emittance = g/c,¢,¢,

obtain the

-

with the “temperature imbalance integrals’,, 1., ,. defined as
T
1 g2 (x2
Iy / dt : Tay(t) = g < 2>
Txy <y> 5:1:
0
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/With the abbreviations \

a=/(22), b= +/{y?)
5 = /{((Ap/p)?), D = Az/(Ap/p)
k2(s) = w;i(t)/c? B2, & = &i/cBy
n=v""—=D/p
A =/a? + D252
K= 47’(’6?52223’}/3

Lo K  Z%r, In A
T~ 3vorp: A ExEyr/|M|0

the complete system of moment equations for a coasting beam with
elliptic cross section in real space that propagates through a dispersive

system reads:
o /

22




1/ L / ]CQ - _ Cw
a' + kra' 4+ k3(s) A(A+b)a e
K/2 &

7 b/ ]432 - Yy

b + kb + ki(s) A

1
0
1 d =2 ga: 2
R +§’ff<a2—b‘;’—lnl5>
1 d gl &2 ;
d )

|0 + ks <27752 —— ==
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Conclusions

The Vlasov-Fokker-Planck equation provides the starting point for
analytical approaches in the physics of charged particle beams if the
actual charge granularity cannot be neglected.

The moment analysis of this equation provides a useful extension |of
Sacherer's moment analysis of the Vlasov equation.

The emittance growth rates that are due to intra-beam scattering
follow straightforwardly from the temperature imbalances and the
friction coefficientg;.

The determination of the appropriate friction coefficigatneeds
careful examination for each particular case.
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/ Appendix: Remarks on irreversibility \
The friction forcesFt, ; must always be decelerating.

Fr ilvg) = —Fri(—vi) , ~ D) = Dig(—vi).
Transformation that reverses the direction of time flow:
t— —t > Xy — Ly, UV, — —0;.

We may separate the components of the equation of motiofi(torv, t)
with respect to their behavior under time reversal

0
@—{ = Lypf, Lyp = Loy + Li; .

The “reversible” operatoL ... : terms that change sign under time
reversal, hence leavef /0t = L., f invariant.
~» Earlier states are fully restored — just like a movie that is reversed

\ at some instant of timeg,. /
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/The reversible terms agree with the familiar Vlasov equation \

3
1 0
rev g - Fexi Essci

— [ 8:18@?} m Ov; ( ti T4 i)

The componentd;, that do not change sign are given by the
Fokker-Planck terms

I
NE

[_Ffr,i(?)iat) +iDz’i(U7jpt)] .

m 0v;

c%i

1=1

L;, describes those effects that dot depend on the direction of time
flow. In other words, it describes theeversibleaspects of the particle
motion.

Real system: mixture of reversible and irreversible behavior.

Computer simulations of dynamical systems are irreversible even if the

1~4

\Coded equations of motion are strictly reversible. /
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ﬁ he obtained macroscopic emittance growth is determined by botrm’
friction coeﬁicientﬁ;im that quantifies the rate of information loassd
the temperature imbalande, along the focusing perio

—1 1 nsim
Tet — 1 5]” “lxy
with I, defined as

S 2

I 1 / [1—7“xy(s)] o - 55 <.CC2>

S e L I

ﬂcy:S
0

If the number of macro-particles used in the simulation is increased, the
system get “smoother”, henqﬂ;fim becomes smaller whereds, is kept
constant.

If the system is modified and the number of macro-particles is kept
constant3 ™ remains unchanged wheregsg is varied.

= If either ;™ or I, vanishes, we do no face any FP-related emittange

K growth. /

35




Discreteness errors inevitably emerge in computer simulations of
dynamical systems.

The actual time evolution of the simulated system always comprisgs
irreversible aspects — even if the actually coded equations of mot|on
are strictly reversible.

A computer simulation based on individual particles can never be an
exactrealization of a solution of the Vlasov equation.

The results of the computer simulation may be regaetpdvalently
as an exact solution of a Vlasov-Fokker-Planck equation.

The crucial point for the correct interpretation of computer
simulations is to keep in mind that the noise-related emittance groyth
depends on both the magnitude of the noise “for@sithe time
averaged temperature anisotropy induced by the lattice.

/
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