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/ Properties of Hamiltonian dynamics \

1. Liouville’s theorem (proper) states that the volume elerdént
dl' = dx1dv; . ..deydoy = dzidv] ... dz'ydo'y

of a Hamiltonian/V particle system ismvariant with respect to
canonical transformations— in particular with respect to the
system’s time evolution.

2. The coded canonical equations are alwaygrsible Example:
m.%i—ﬁext(fi,t)—q(ﬁi—l—fiXgi):O, izl,...,NSim.

3. The simulation algorithm must maintain the symplectic nature of
Hamiltonian systems in order to avoid unphysical results.

Note:Linear lens transformations and (non-linear) lumped
& “space-charge kick” transformations are always symplectic. /
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/ Continuous description of phase-space dynamics \
We define &-dimensional phase-space probability density function

f:f(m7v7t>

~» f dx dv provides the probability of finding a particle inside the
volumedx dv around the phase-space pai®t v) at timet.
~» f IS a smooth function of the phase-space variables.
~» f doesnot provide information on individual particles.
The “special” Liouville theorem
af
e
applies for systems with non-negligible Coulomb interaction only if

0

1. no particle losses=- [ fdx dv = const.

2. the system is described byantinuoudHamilton function.

Q This description cannot cover “numerical noise effects”. /

7



/ “Non Liouvillean” Effects \

~» In order to describe “noise effects”, a generalization of the “special”
Liouville theorem is necessary (Chandrasekhar (1943)):
df _of of

— ]_ — —
— U - T — Fex Essc Vol — | &7
dt 8t+vvf+m( + 0Buc) VoS [at .

If the non-Liouvillean effects are small compared to the macroscopic
forces (smooth space charge and external forces), we may describe them
by the Fokker-Planck equation:

4.5

D,; are referred to as elements of the “diffusion tensor” andrthas
elements of the “drift vector” that describes the “dynamical friction

&forces”. /
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Description of irreversibility

We apply a transformation that reverses the direction of time flow
t— —t ~ T — Iy, V; — —;.

We may write the equation of motion fgi(x, v, t) in operator form and
separate its components with respect to their behavior under time revgrsal

9,
_f:ij L = Ly + Li .

ot

The “reversible” operatoL,,: terms that change sign under time

reversal, hence leavef /0t = L, f invariant.

~» Earlier states are fully restored — just like a movie that is reversed
at some instant of timg,.

o /




ﬁhereversibleterms agree with the familiar Vlasov equation \

3
0 1 0
Lrev — Z [ Vy — — <Fext,i + qusc,i)] .

: ox; m Ov;
1=1

The componentd,;, that do not change sign are given by the
Fokker-Planck terms

as the friction forced+, ; must always be decelerating
Fr i(vs) = —Fri(—vi) , ~ Dy(v;) = Dy(—v;) .

L;, describes those effects that dot depend on the direction of time
flow. In other words, it describes theeversibleaspects of the particle
motion.

KReaI system: mixture of reversible and irreversible behavior. /
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We observe:

~

The coupled set of Vlasov, Poisson, and Fokker-Planck equations
provides the equation of motion fgrthat includes the description of

irreversible effects.
This equation is too costly to solve directly.
We do not really want to knovi(x, v, t) in detail.

We must switch to more global quantities.
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/ Moment analysis of the Vlasov-Fokker-Planck equation

The usual way to switch to even more global physical quantities is to
consider “moments” of (x, v, t) (F. Sacherer, P. Lapostolle (1970)):

1

<x2>:/x?f(a:,v,t)da:d'v, 1=1,2,3.

\/ (x#) is proportional to the actual beam widthan.

ldea:Instead of solving the equation of motion f6rwe are going to set
up and solve the equations of motion for the second beam moments.

The derivatives of the moments are calculated according to

% <:1:Z2> = /:13@2 2—{ dxdv ,
Qsertingaf/at from the Vlasov-Fokker-Planck equation. /
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/Integrating by parts, we obtain for each phase-space plam®upled sg
of “moment” equations

d
- (#7) =2 (zivi) = 0
d
m— (zivi)—m (V7Y — (@ Fext i) — 9 {TiFssc,i) = (@i Fr i)
m% (07 ) =2 (Vi Fext,s ) —2q (Vi Bsso;s) = 2{viFpr i) +2m (Dy;)

As usual, we define the rms emittancét) as

3(t) = () (vf) — (mivs)”

The time derivative of the rms emittance may be arranged as
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/%a%(t)} and £¢2(t)|__describe the emittance change due to \

non-linear external focusing forces and smooth non-linear electric
self-fields

m d — {2\ (0. RN PR .

0] = () (o) = (@100 (@iFd
=0 < Fext,i X Ty

md ,

?%Q () ssC [<:13 > Esse,i) — (Tivi) <377JESSC77?>} ‘

The third contribution to the change of the emittance emerges from the
terms of Fokker-Planck equation

md , 2 2
o =2(t)| = (o) (viFhe) — (@ivi) (@:Fhs) +m(af) (D

fp

~» The emittance growth depends on both the Fokker-Planck coefficients
K andand the specific shape of the envelope functions. /
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/The fluctuation-dissipation theorem relates the Fokker-Planck coe%ents
Ffr,i andDii.

Systems in dynamical equilibrium are governed by
e diffusion: effect that drives a quantity off its steady-state value,

e friction (dissipation): effect that causes the decay of this deviation
from the steady-state value.

The diffusion process and friction effects dependent on each other.

~» Both effects are related by a fluctuation-dissipation theorem
~» |sotropic process, which applies here: Einstein relation

kBTeq

Fi s = —Brmu;, D = D;; = Oy

~ We are left with3, as the only free parameter in our description of

K “numerical noise” effects. /

15




/ Beam “Temperatures” \

Non-equilibrium temperature:

For charged particle beams, we define the generalized, non-equilibrium
“temperature’sgT; as the instantaneowscoherentpart of the kinetic
energy of the beam particles in th¢h degree of freedom:

kBTi =m <<U7i;nc)2> , v;nc =v; — I; <:<C[IZ,§;> 5
Non-equilibrium “temperaturek g T; of thei-th degree of freedom
2
“(t
kpTi(t) = m L)

(@)
Foro(t — t')-correlated noise, we may approximate the equilibrium
temperaturd ., by

keT. k 1 2 g2
= q_B(Tx—FTy—FTz)—(gx —+ y>+<<A’UZ)b)2>>.

m 3m 3

o /
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Emittance growth rates

With the temperature relations, the above formula for the F-P related
emittance growth is obtained for thedirection as

_ 2B (2e20) _ (1) 2
R ( e (@)
or equivalently with the temperature ratios, = 7, (t) /1% (t),
rex = 1,(t)/T,(t), andr,, = T,(t)/T,(t)

d _ %P5

— Ine3(t

1 d
@@%(t)

fp

(Toy + Tz — 2) .

fp

~» The change of the emittance may be positive as well as negative.

o /
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Summing over all three degrees of freedom, we get

2 2 2
ilngjg :2ﬂf ((1T$y) +<1_Tx2> _|_<17ayZ)>>0.

2 _2
au 7 Yc

€

fp 3 Fanss T Forz
~» The total change of all emittances is always positive.

With the entropy definition

S(t) = —kB/ finfdr.

we may show the total fp-related emittance growth exactly reflects the
iIncrease of entropy (¢)

1 dS(t) d.
kg dt  dt = °

o /
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€ = IExEyE,
ef _gﬁf(xy+lxz+lyz>a
with the “temperature imbalance integrals’,, I..., I,. defined as
L 2 2 2
1 E T
Ly / dat i) = — < 2>.
TCU?J <y > Ex
0

~
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Final result:we integrate the emittance equation over one focusing period

T" to obtain the emittance-folding time ¢ of the total emittance
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This means for “coasting beams” in “trace space” notation

ef _46 I$y7

with I, defined as

1

S
— Ty (S ) ) 85 <x2>
0/ TShds )= o

If the number of macro-particles used in the simulation is increased, th
system get “smoother”, hen¢g becomes smaller whereds, is kept
constant.

If the system is modified and the number of macro-particles is kept
constant3; remains unchanged whereBg is varied.

= If either 3¢ becomes very small or if,,, vanishes, we do not expect

any fp-related emittance growth. /
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Conclusions \

“Numerical noise” effects inevitably emerge in computer simulatior
of dynamical systems.

The actual time evolution of the simulated system always comprisg¢s

Irreversible aspects — even if the actually coded equations of mot
are strictly reversible.

A computer simulation based on individual particles can never be i
exactrealization of a solution of the canonical equations.

The results of the computer simulation may be modeled a&xaat
solution of a Vlasov-Fokker-Planck equation.

The crucial point for the correct interpretation of computer

on

AN

simulations is to keep in mind that the noise-related emittance groyth

depends on both the magnitude of the noise “for@aithe time
averaged temperature anisotropy induced by the lattice. /
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