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1. Principle of least action

Canonical equations

Canonical transformations

Reversibility

Liouville’s theorem in discrete (6N-dim.) and
in continuous (6-dim.) description
Generalized canonical transformations (i.e.,
transformations that include mappings of time)
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2. Linear beam optics without space charge

— Single particle transformations
*  Quadrupole
* Drift
* Bending magnet
— Hill’s equation
— “hard edge” model
— Ellipse transformation formalism
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3. Theory of alternating gradient focusing
— Eigenellipse parameters

Stability considerations
Phase advance
Matching

4. Hill’s equation
— General solution
— Envelope equation

5. Statistical description
— Definition of “moments”
— RMS envelope equation
— RMS emittance
— Condition for conservation of RMS emittance
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6. Beam optics with space charge
— Single particle equations with space charge
— Moment equations

Stability analysis of the K-V equations

Beam matching under space charge conditions

7. Emittance growth effects
— Emittance and field energy relations
— Phase space probability densities for unbunched beams
— Bunched beams, equipartitioning
8. Stationary phase space distributions
— General theory

— self-consistent definition of KV, “Waterbag”, and Gaussian distributions
“Stationary” beams under periodic focusing
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9. Charge “granularity” effects
— Fokker-Planck model
— Time reversal effects
— Definition of entropy
— Stationary phase space distributions

10. Moment analysis of the Fokker-Planck equation
Generalized envelope equation

Beam temperature

Reversible and irreversible emittance growth

Intra-beam scattering

11. “Fokker-Planck effects” in computer simulations
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6. Beam Optics with space charge

6.1. Single particle equations of motion
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So far, we have only treated single particle dynamics, i.e., the motion
of each particle is not influenced by other beam particles.

=>»This is an approximation as charged particles always produce a self
field!
What changes if we take into account the self fields?

* The description of the system’s dynamics is now more complicated:

— Problem of “self-consistency” arises: the particle positions depend on the total force,
but at the same time, the total force depends on the particle positions.

» The self-field forces induce additional resonance effects.
* We get additional sources of emittance growth.

* We must distinguish fine-grained description where all individual
particles are taken into account from a smoothed description where
the self fields are continuous functions of the spatial coordinates.

GSI Darmstadt & Institut fir Angewandte Physik der J.W. Goethe-Universitét Frankfurt




@ 6. Beam optics with space charge 8.
=5 6.1. Single particle equations of motion ~ UNLVERSITAT

Simple model of an unbunched beam: homogeneously filled moving
cylinder of radius a. '

* Repulsive electric force F,

 Attractive magnetic force F,

Smooth description: © ' E
fffdivEdV = ffﬁd§, ffcurléd?l - jJédg
to the beam model of constant density both longitudinally and transversely:

divE’zﬁ, curlB':,uO;, p = !

—5—, J = ppei
- ﬂ_agﬁca P %
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For the simplified electric and magnetic fields
E=E. 8, B=B,¢,

we find in cylindrical coordinates the forms
AV = rdrdpdz, EdS = E, rdpdz, ELS

Bd3 = B, rdo, ;d;i = pcf rdrdyp, s | B, j L A

and hence the field components for a beam of radius a (uy = 1/5yc?)

P I r 1 I r
E = — = —_ B = = =
T 260 r 27T€0ﬁ0 CL2 ’ © 2 :U/Opﬂc r

2meoc? a?
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The Lorentz force equation

F=e(E’—|—17><§)

takes on the particular form

F(r) = ¢(E, — BcB, ) =
el r

 2meefey? o -

Generalization to uniform elliptic beams of half axes X, Y:

el x el Y
F, = 2 , Iy = 2
megeFy” X (X +Y) megeBy” Y (X +Y)
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2 6. Beam optics with space charge . -
ESH g4 Single particle equations of motion SRS
Drift transformation
0.8 — ‘ ;
with space charge
0.7 + without space charge -
E 06} 1
= 05¢F .
>
=  04r .
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= 03 4
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Single particle equations of motion that include space-charge forces:

1
" 2 —
z + kx,oxt(s)x - m’yc?ﬁQ Et(x7 Y, 8) =0
1
" 2 —
Y + ky,ext(s)y - m762ﬁ2 Fy(x7 Y, 3) =0
We insert the linear space-charge forces of the simplified model:
2K 2el
e . s——]:rzo, K=——""°——
net(5) X(X+Y) dmegme? 3~3
y" + [k2 «(8)— L]y =0. K : "generalized perveance"
ve Y(X+Y)

K 1s a dimensionless measure for the strength of the space charge.
K can be regarded as the “scaled current”.
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Linear model: oscillation frequency is the same for all particles

kgext = kgext =k =const. = o0y =kS : zero current phase advance
Def K
k2:k§——2 = o=kS : depressed tune
a

The reduction of the phase advance o, — o due to space charge
forces is often referred to as the “Laslett tune shift”.

The ratio 0/0, 1s a good measure for the relative strength of the
space charge compared to the external focusing strength.

For synchrotrons, we generally use the terms “tune” Q. , = 6y ,.,/27
1.e., the number of oscillations per turn and the corresponding
“incoherent tune shift” AQ, ,. We will now derive a formula to
estimate AQ, , in a synchrotron in terms of the beam parameters.
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.....

Particle oscillation frequency for zero current of o, = 60° (left),
depressed to o= 15° due to space charge (right).
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K
K? =k§*a7=(ko*Ak)2

~ K — 2k Ak, Ak < ko, AQry < Qoay
Ak _AQy K
kO Qﬂ,z,y 2 k§a2
For a “continuous focusing system”, we know from Sec. 3
S R
2
a = 61‘1615 ﬂr =

With R the radius of the synchrotron, this ylelds

R Nec
AQx,y i~ —%K , I = 27rRﬁ

Eayy
or, in terms of the number of particles N along the ring circumference:
T N e?

AQyy " ————, 1y = ———
z,y -~ ) 0
Y 2w 3243 €y dregmc?

relative tune shift
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6. Beam optics with space charge

E=5SM 5 1 Single particle equations of motion ~ SNLERSTAT

General, nonlinear case (simulation codes):

[ s\t ——C  _E z,y,8) =0
x,ext() mc2ﬁ2')/3 x( y7 )

Yk . (s)y

y,ext

(&
- m62ﬁ273 Ef‘l(x’ ” S) B

with the space-charge fields as the solution of Poisson’s equation

aEﬂv +%—i (1‘ S)
O ay 6010 Y

General problem for analytic treatment: the functional form of the
charge density p is usually not conserved and hence unknown!

=>» problem of stationary phase space distributions (treated later).
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6. Beam Optics with space charge

6.2. Moment equations
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6. Beam optics with space charge
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=SSN 6.2. Moment equations s

Usually, we not particularly interested in single particles.
=> “moment equations”

If the complete information on N particles is given, the first moment
and the second central moment in x are calculated via:

z Ly 7 —lN 2,(s) —Z(s))”
) =y 2ol w6 =D (w () ~7(6)

If we succeed in deriving closed equations of motion for the second
moments, the system’s description is considerably simplified.

The equations of motion for the moments are obtained by calculating
their time derivatives and inserting the single particle equations of
motion.
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In the particle description, the other second moments are defined as

F(s):izj\é(ﬂrZ 75)2 :izjv:xf —(zY
N i=1 N i=1
E(s):ii(zzf:f)(z;f;):izj\/::px’ff?
NI NI

P(s) = %i;(a:; — ;)2 :%szﬂ — (;)z

The equation of motion of the first moment is simply the single
particle equation for the center-of-mass motion.
We are interested in the equations of motion of the second moments:
d — 2 ¢ N W
—z(8) = — T, — Tz, —x | =2z2(s M1
—ak(s) = (w 7)ol ~ o) =2aa'(s) (M)

i=1
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Same procedure for the derivatives of the other second moments:

T a(s) = 2(s) — Ko (8) 2°(8) ¥ —5og5 BB, (s)  (M2)
ds ’ mc By

4 TP(s) = —22_(5) 7T (5) + —2__TE(s) (M3)
ds ’ me” By

Here, we have replaced x" according to the single particle equation
of motion.

Note that the moments that are related to the electric field £, involve
higher than second moments in general. In that case, the moment
equations lead to an infinite hierarchy. For the linear model, only
second moments appear = closed system of equations.
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The “smooth description” is based on a phase space probability
density f'(x,x"y,y"s), i.e., f dtis the probability for finding a
particle inside a small volume d7 around (x,x',y,y") at s.

df of =~ ,0f  ,0f = ,Of = ,0f
Yoo o Ly yS 8 L9
‘ ds 2o o Yy e Y By

Inserting the “smooth” single particle equation of motion

" 2 € smooth
T+ kye(s) T — mCQ—WET "(2,y,8) =0

we obtain the Vlasov equation, i.e. the closed equation of motion for f

LR R [lf

e ; of
_ Eamooth o
ot o Y o )2 (x,y,s>]

mCZ/BZ’YS z

"
2 € smooth of s 1 I
— - BTy, 8) |5 =0, divE=— da'd
[ ,'I,Cxt( )y chBQ'y‘i Yy ( Y )] ay/ I L/:/‘f Y
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Usually, we not particularly interested in the detailed information
contained in f'(x,x',y,y"s) =» moment equations.

The first moment and the second central moment in x are given by:
2(s) = [af(@a'yy's)dr, &)= [(@—F) f@.y,y 5)dr

To derive the equations of motion of the moments, we evaluate the
s-derivatives similar to:

d =, _» 0 ' /
—7()= (@~ = f@a'y.ys)dr
The moments are then calculated inserting the Vlasov equation.

The resulting set of equations agrees with single particle approach.
=» Second moment analysis of the Vlasov equation.
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=5 N 6.2. Moment equations ST S0t b

Applications of the moment equations
We insert equation (M2) into equation (M1):

— - N
B(s) = AJ2*(s), HOER & ( ) = 2N22(x:z: —:13:13) -
4 ‘ N e TE(s)  E(s)
w‘r(s) + kzz,ext(s) T — mCQﬁZ’Yg j - j(f = 0

In this form, the last equation does not seem to be of much help since
it contains two unknown functions of s. Let us study them now.

For a beam with elliptical symmetry in real space, we can show that

— I z T’ Y’
zl (s) = & LY = pl— + —
dme,cB & +§ p@,Y) ’)[X2 Y2]

x
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2 6. Beam optics with space charge

=SSN 6.2. Moment equations A ot ‘“
& K 2()
——F(s)+ k> ()T — — L =
Tdst: (5)5654 et (9) T4 ~3

As expected, the space charge couples the x- and the y-planes.

The only remaining unknown function is the RMS emittance. In
order to study its time behavior, we calculate its derivative:
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6. Beam optics with space charge
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=S N 6.2. Moment equations

For a 2-dimensional uniform density p(z,y), we have

2 f f @’ p(z,y)dwdy

ff p(z,y)dzdy
- f:) L: r* cos® g rdrdgp B 7rf:o rr i

j:of:; rdrde N 27rjz0rdr 4

and hence for an elliptic beam of uniform density transversely:

We will later treat second and higher order moments for other phase
space density functions.

olz,y)=1 x=rcosp, dzdy=rdrdp
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) 6. Beam optics with space charge
=S 6.2. Moment equations

In terms of X(s), the RMS K-V envelope equations are simply
referred to as the K-V envelope equations

L R ()X - &

8) + k2 o (8) X — —— =
82 ( ) z,ext( ) X + Y X3

d? v 2 v 2K g;

— Y(s) + b (8)Y ———=— L =0
d82 ( ) y,ext( ) X + Y Yg

with the total emittances defined as
e, =4, ¢, =4¢

The K-V equations are an important tool for the first-order design of
high-current lattices. Let us study some examples.
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GSI QUADRUPOLE CHANNEL , SIGMA-0=90 DEG. , SIGMA=37 DEG. , MATCHED kv -
.0,

2648

T e e T S e T S - |

Cells

12

Mismatched beam in a periodic quadrupole channel
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) 6. Beam optics with space charge o
=5 N 6.2. Moment equations ST e A
GS1 QUADRUPOLE CHANNEL , SIGMA-0=90 DEG. , SIGMA=37 DEG. , MATCHED kv - 2645

I T T - T T - JE T T R (R

Cells

12

Matched beam in a periodic quadrupole channel
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2 6. Beam optics with space charge
=5 N

6.2. Moment equations R

GS1 QUADRUPOLE CHANNEL , SIGMA-0=120 DEG., SIGMA=60 DEG., SLIGHTLY MISMATCHED kv - 2649
2.0

0.0

A
0.5
~
=
Q1.0
>
1.5

'7*T*T*T*T*T*?*T*T*T*T*T*T‘z
Cells

Unstable (chaotic) beam in a periodic quadrupole channel
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2 6. Beam optics with space charge B
=5SN 6.2. Moment equations AT S b

* The following questions arise:
— Under which conditions is the beam transformation stable ?

— How do we obtain the matched solution ? (remember: the Courant-Synder
theory of alternating-gradient synchrotrons of Sec. 3.1 applies for zero
current only!)

» We will see that both questions are closely related.

» Thus, the next topic will be the stability analysis of the K-V
envelope equations.
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6. Beam Optics with space charge

6.3. Stability analysis of the K-V equations
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6. Beam optics with space charge SO ¢

== 6.3. Stability analysis of the K-V equations i i i

We first note that the system of K-V equations can be regarded as the
canonical equations of the Hamiltonian H ,

2

2
Hey(XY,B,P.s) =4(P + P) +4 k;j(s))@+%+k§(s)Y2+%—4Kln(X+Y)

=> The solutions of the K-V equations have the hamiltonian properties:
symplectic geometry, conservation of volume form (“Liouville”).
We will make use of these properties later in our stability analysis.

Parametric resonance: if a system parameter depends on s (or ¢), the

system can be unstable, even if it is stable for each fixed value of the
parameter.

For the stability analysis, we compare the behavior of neighboring
solutions:
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6. Beam optics with space charge SO ¢
== 6.3. Stability analysis of the K-V equations i i i

X(s) = X,(9) +a(s),  Y(s) =Yo(s) +u(s), 2(0) <X,(0), y(0) <¥,(0)

wherein X (s) and Y (s) denote the reference envelopes, and x(s), y(s)
the — at least initially — small deviations.

We insert X(s) and Y(s) into the K-V equations and apply the

approximations
=il -3
1421 Y 4B m1-3E
XO —"_ YI) XO —"_ )/EJ XO XO

This yields a linear coupled set of equations for the perturbations x(s)
and y(s)
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6. Beam optics with space charge s S o
== 6.3. Stability analysis of the K-V equations i i i

2
() + |B(e) + —2 3% 2K =0
(X, +Y,) X (X, +Y,)
p ) 2K 3¢, 2K
y'(s)+ |k () +———5+—"L|y(s) + ————5 z(s) =0
! (X, +v,) Y (X, +Y,)

Again, the coupling is induced by a non-vanishing K. We can rewrite
these two second-order equations as a linear system of four first-
order equations:

2,(s) 2,(s) 0 0 10
d |%(8) 22(3) 0 0 0 1
a0~ 20l 47| e a9 0 0
z,(s) 2,(8) —a,(s) —a,(s) 0 0
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6. Beam optics with space charge RSN . O
== 6.3. Stability analysis of the K-V equations i i i

or in vector form Z'(s) = A(s) Z(s)
with n=x, 2=y z=1, z =Yy,
o o) = 2K
X5 + Y6
3¢’
— i s
3¢’
a,(s) = k,(s) + Y(s) + a,(s),

> If the focusing functions , (s) are periodic with period S, and the
envelopes X (s) and Y(s) have the same periodicity (matched solutions),

then the coefficients a/(s) and hence A(s) are also S-periodic.
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6. Beam optics with space charge RSN . O
== 6.3. Stability analysis of the K-V equations i i i

Rough simplification: external forces on the beam are symmetric and
not s-dependent

k.(s) =k, (s) =k, = const.
A matched beam has then constant envelopes:
X,(s),Y,(s) = const.

If, furthermore, the emittances agree, then
e, =¢,=¢ = X, =Y, =a

x

Since X,"=Y," = 0, the K-V envelope equations simplify to:

K 2
a a
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6. Beam optics with space charge SO ¢
== 6.3. Stability analysis of the K-V equations i o v

With the previously defined depressed tune &

K

kDefk
= ky — —
GQ’

the coupled set of equations for the envelope perturbations is given by
z"(s) + %(3/{5 + 5]4:2)36(8) + %(k‘g — /cQ)y(S) =0
y"(s) + %(3]{3 + 5k2) y(s) + %(kg - kQ) z(s)=0
We can decouple these equations by introducing the new functions
Def Def
zodd (8) = 37(8) _ y(8)7 zeven (8) = x(S) + y(S)

= z,44(s) describes the 180°-out-of-phase (“odd”) mode of the
perturbation oscillation, z_, . (s) describes the in-phase (“even”) mode.

even
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6. Beam optics with space charge SO ¢
== 6.3. Stability analysis of the K-V equations i v

The equations for z_4,(s) and z ,.,(s) are
zé{id (s) + kfddzodd<8> =0, kfdd = kg + 3k
even ( ) + ke2ven even (8) = 07 k2 2kOQ + 2k2

even

Depending on both the zero current tune and the tune depression, the
frequency of the two fundamental modes are different!

—> A general mismatch oscillation is a beat wave of both modes.

The wave numbers kg .., are equivalent to the phase advances

Odd koddS V UO + 30— ’ ¢ewen eVen 20; + 202

which have the limit values
hm ¢0dd - hm ¢

even = \/§ 00

= 20, hm¢) odd = O, 1M ¢
-

even
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6. Beam optics with space charge RSN . O
== 6.3. Stability analysis of the K-V equations i i i

Numerical example: continuous focusing channel with
o, =60° o =15°

= Ppaa = \/W = 1519° =~ 65.4°
Poven = 200 +20° =15+/34° = 87.5°

For one mismatch oscillation of the odd mode, we need, therefore

N, = 360°/65.4° = 5.5 cells
Similarly, for one mismatch oscillation of the even mode, we need

N,. =360°/87.5°=4.1 cells

even
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6. Beam optics with space charge RSN . O
== 6.3. Stablllty anaIyS|s of the K-V equations i o vian

Continuous focusing channel, sig_(

2.
3 ) 3 [} 10 12 14 15 18 E) B 24
Cells

Odd mismatch mode: 5.5 cells per mismatch oscillation at o, = 60°, o= 15°
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6. Beam optics with space charge
= == . 6.3. Stablllty anaIyS|s of the K-V equatlons
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\/_\/_\/_\/\/_\/\
= ] 3 3 B FL R I R R R
Even mismatch mode: 4.1 cells per mismatch oscillation at o,= 60°, o= 15°
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Mixed mismatch mode at o, =

6. Beam optics with space charge
=5 . 6.3. Stability analysis of the K-V equations
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Continuous focusing channel, sig_0 = 60 deg., sig = 15 deg.. mixed mode kv - 3316

3 ] [ [

12
cells

) 14 16 18 20 22 2
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60°, o= 15°: beat wave of fundamental modes




6. Beam optics with space charge R ;.
== 6.3. Stability analysis of the K-V equations i i i

General case: let Z(s) be the matrix of linear independent solutions of
the periodic system

7(s) = A(s) Z(s)
with Z(0)=E. This means:
Z'(s) = A(s)Z(s), A(s+9)=A(s), Z(0)=E

Then the matrix Z(S) is called the monodromy matrix or the mapping at a
period. It maps every state at s=0 into the corresponding state at s=S:

2(S) = Z(8)Z(0)
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6. Beam optics with space charge R ;.
== 6.3. Stability analysis of the K-V equations i i i

Theorem: the solution matrix at s+xS has the representation:
Z(s+nS)=2(s) 2"(S), neN
Proof: if Z(s) is a solution matrix, then Z(s+nS) is also a solution matrix:
s—s+nS: Z'(s+nS)= A(s+nS)Z(s + nS)
= A(s) Z(s + nS)

For Z(s) a solution matrix and C a regular constant matrix, we get:

2()C] = Z/(5)C = [A(s)2(5)]C = As)[Z(5)C] -

C=27"(S) = Z(s)Z"(9) is a solution matrix
= Z(s+nS)=Z(s)Z"(S) by induction

Set
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6. Beam optics with space charge SO ¢
== 6.3. Stability analysis of the K-V equations i i i

Theorem: for every eigenvalue A of Z(S) there exists a solution <(s) with
S(s+nS)=\"3(s)
Proof: With <'(0) denoting the eigenvector for A, we have by definition:
Z(5)<(0) = A<(0)

and therefore
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6. Beam optics with space charge SO ¢
== 6.3. Stability analysis of the K-V equations i v

The fact that our system is hamiltonian allows an important
simplification of our stability analysis.

To this end, we first define the 2nfi2n symplectic unit matrix I
O -E

=g o

with E denoting the nfin unit matrix, and O the nfin zero matrix.
In the particular case of our 4fi4 system, the symplectic unit matrix is:

00 -1 0
00 0 -1
=11 0 0 o
01 0 0
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6. Beam optics with space charge SO ¢
== 6.3. Stability analysis of the K-V equations i i i

The symplectic unit matrix I has the following properties:
I"=-1, I''=I" I’=-F
Lemma 1: The matrix I A(s) is symmetric.
Proof. a,(s) a,(s)
ay(s) ay(s)

(5) ay(
0 0
0 0

o

0

| 0 0
T A(s) =

(s) a
0 1

Lemma 2: For two linear independent solutions of z'=A(s) z, the
following scalar product is a constant of motion:

(21,122) = const.
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6. Beam optics with space charge SO ¢
== 6.3. Stability analysis of the K-V equations i v

Proof: di(, .- z. 1%
2 (5,1%) = (212) +(3,12)

= (42,1%,)+(3,145,)
(z AszQ) (zl,IAzZ)
= (,(A"I + 14)z,)
= (7,(14- A"1")z,)

= (2,(14-(14)")3,) =0
as 14 is symmetric, i.e. equals its transpose. We are now prepared to
proof the main theorem.
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6. Beam optics with space charge S ;. L

== 6.3. Stability analysis of the K-V equations i i it
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6. Beam optics with space charge RSO . X
== 6.3. Stability analysis of the K-V equations i v

We finally conclude:
pA)=0for \ =0 = pl/\)=

As an immediate consequence of the fact that the characteristic
polynomial is real, we find:

Theorem: If A, is a complex eigenvalue, then the conjugate complex
value A,* is also an eigenvalue.

)\, € C is eigenvalue of Z(S) <« ) € C is eigenvalue of Z(S)

Proof:
pA)=A=X)...A=]X), A,.. A €C

ANEC = A=XNA-XN)eER & pNeR
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6. Beam optics with space charge s e
== 6.3. Stability analysis of the K-V equations NYERSITAT

In summary, we have only the following four possibilities for the
location of the eigenvalues in the complex plane:

A A
l‘ 1‘.
M !
it

Recall: The matrix Z(S) ( the “monodromy matrix’’) maps an initial
perturbation through one cell. With  an eigenvector of Z(S) and A the
corresponding eigenvalue, we have <(nS)= A"¢(0). Consequently

i <

is a necessary condition for the stability of a periodic system against
mismatch perturbations (which can never be avoided in real systems).
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6. Beam optics with space charge L - T
= = 6.3. Stability analysis of the K-V equations i i it

Example 1: we plot @44 cven and [A] for fixed o= 60° and o, = 90°
against diminishing o, i.e., against increasing beam current /:

f F I I L SR [ EO S S 3
SIGMA {DEG} SIGMA (CEG)

2

350
300
105
250
3

o
90 0 o s S0 40 36 2o 19 ¢ @0 7o € o & 30 25 o &
Sioua (3E6) SiGwA (DEG!

We observe: with g < 90°, the system is always stable since |A| = 1.
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6. Beam optics with space charge L - T
= 6.3. Stability analysis of the K-V equations i i it

Example 2: we plot @4 cven and [A] for fixed o, = 120° and o= 150°
against d1m1n1sh1ng o, i.e., against increasing beam current /:

2- /
Iy \' - /
E —_— = |
- :7**777;'0'—r777777§7
o = =
%0
50
o o w Kl © b
SICMA (DEG) SIGMA (0EG)
350
200 2o
250
= 200 —— 3 i
L NS T Bl [,
s e X
& 0.8
o -
50 o
E o 20 [3 Tk il e % 3

W & & 7 , I
SIGMA (3E6) SIGMA {DEG)

We observe: with ;> 90°, the system gets unstable for o< 90°.
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6. Beam optics with space charge ﬂ.
== 6.3. Stability analysis of the K-V equations i it i

GSI QUADRUPOLE CHANNEL , SIGNA-0=60 DEG. , SIGWA=15 DEG., matched kv - 3350
0

\/\/\/\/\/\

L T T R R R A O R S

Quadrupole channel at ¢, = 60°,Ceg= 15°: perfectly matched beam
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— . 6. Beam optics with space charge v nsonne §hiorm
6.3. Stability analysis of the K-V equations i o va

N .. = 5.5 cells
\/\/\/\/\/\/\/ odd

:

6T YT TR TR T R TR T T e T T2 T
Cells

Quadrupole channel at o, = 60°, o= 15°: odd mismatch mode
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6. Beam optics with space charge RSN . O
== 6.3. Stability analysis of the K-V equations i i i

GSI QUADRUPOLE CHANNEL , SIGNA-0=60 DEG. , SIGNA=15 DEG., even mismatch mode kv - 3387
2.0
1.54
51 o
x
0.5
> N, =4.1cell
= 4.1 cells
\/\A/\/\/ even
0.5
§1.0
>
1.54
2,04 - - - - - B e i i~
3 T 3 5 o 12 ) Ea ) 2 % 2
Cells

Quadrupole channel at o, = 60°, o= 15°: even mismatch mode
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— 6. Beam optics with space charge v nsonne §hiorm
6.3. Stability analysis of the K-V equations i v
o. N
T S T S T R RS SR R S

Quadrupole channel at o, = 120°, o= 60°: mismatch modes are unstable
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6. Beam optics with space charge g .
== 6.3. Stability analysis of the K-V equations i i i

P R A / /

Y
/

Cell 0 5 10 20 25

[
(6]

PIC simulation (K-V) of a quadrupole channel at o, = 120°, o= 60°
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6. Beam optics with space charge g .
== 6.3. Stability analysis of the K-V equations i i i

r A A - & F

Cell O 5 10 1.5 2.0 25
PIC simulation (Gauss) of a quadrupole channel at o, = 120°, o= 60°
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6. Beam optics with space charge oo
== 6.3. Stability analysis of the K-V equations it v

AT
ATN
1

- If the condition x,y ¢ XY, is no longer satisfied, then the /inear
description of the envelope perturbations x,y is no longer valid.
The growth of the perturbation is then no longer exponential.

—> Transition to a chaotic time evolution of the envelope.

Conclusion: For long periodic focusing systems under strong space
charge conditions, we must limit the focusing strength of the lattice

to 3900

in order to ensure the stability of mismatch oscillations of the beam
envelope.

The next topic will be: how to compute matched solutions of the K-V
envelope equations under space charge conditions?
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6. Beam Optics with space charge

6.4. Beam matching under space charge conditions
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6. Beam optics with space charge . :
UNIVERSITAT

)
=5 6.4. Beam matching

Let us recall the coupled, non-linear system of K-V equations

T o) 4 ()X — & 0
- + _ _ Sz
d$2 (S) T,ext (8) X + Y X3
E Lk ()Y —— &
- + — P —
d82 (8) Y,ext (5) X + Y Y3

=>»No analytic solutions X(s), Y(S) exist.

=>For (almost) periodic (K, (s+S) = k, (S)) structures, matching ensures
best beam properties (i.e., no particle losses, emittance preservation).

= Matching means: if ki(s), k (s) are S-periodic functions, find initial
values X(0), X'(0), Y(0), Y'(0) so that the envelopes are also S-periodic:

X(s+8)=X(s), X'(s+8)=X'(s), Y(s+9)=Y(s),Y'(s+8)=Y'(s)

GSI Darmstadt & Institut fir Angewandte Physik der J.W. Goethe-Universitét Frankfurt




? 6. Beam optics with space charge SRS . R
== 6.4. Beam matching L
We define the abbreviation
X(s)
Y(s)
= e
Y'(s)

Integrating the K-V equations from s =0 to S = S means to perform the
non-linear mapping

X(0)5X(S),  X(S) = MX(0)
=» Beam matching thus means to find the particular [ (0) with

X (0)=mx (00 < (M—i0)x,(0)=0, i0: identity
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6. Beam optics with space charge :
UNIVERSITAT

)
=5 6.4. Beam matching

“Primitive” method to determine /,,(0): we perform the iteration

X1(0) = %(aet(()) +MmE(0) = %(xt(()) +2'(9))

This method works in many cases, but converges very slowly.

=> Better way: Newton’s method. For a function f of one variable X,
we determine a zero X, of f via

1)

1 f(xf)
xH_ = xt o f/((L't) ) '
farer)

| I

A zero X, of the function f is a fixed point of the function g, defined as
Def

g@)=z—f(z), flz,)=0 < g(z,) =1,
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6. Beam optics with space charge . :
UNIVERSITAT

)
=5 6.4. Beam matching

A fixed point of the function g is thus obtained by the iteration
t t
2= gt g(/x 2 z
g(z)—1
In the case of functions of multiple variables, Newton’s method is then

piHl gt (Jt . E>—1 (m%t_ xt)

with E denoting the unit matrix, and J the Jacobi matrix of 91 at X(S)
Question: How do we determine the Jacobi matrix of a mapping that is
only given as the numerical solution of a differential equation?

Answer: The Jacobi matrix is the solution matrix of the system of linear
perturbations that is associated with the mapping.
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) 6. Beam optics with space charge .
G E. UNIVERSITAT

6.4. Beam matching

=>» The Jacobi matrix of the K-V equations is the solution matrix of the
system for the perturbations X(S) and y(S), i.e. the monodromy matrix

J = Z(8)
Recall: the matrix Z(S) maps a perturbation (x(0), y(0), x'(0), y'(0))
through one period. Its initial value is the unit matrix: Z(0) = E.

=>» The iteration prescription to find a fixed point of the K-V equations,
i.e., to determine the matched beam parameters under space charge
conditions for a periodic structure thus finally writes:

x(0) = X(0) — (2'(S) - E) (X'(S) — X'(0))
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6. Beam optics with space charge e wova B cor
UNIVERSITAT

)
=5 6.4. Beam matching

We quantify the residual deviation of the actual beam parameters from an
accurate fixed point in terms of the dimensionless mismatch factor:

Fyy = [a(S) — (O)] = [B(S) = BO)][+(S) — 7(0)]

with o, f, and ydenoting either the X,x’ or the y,y’ “ellipse” parameters
that are related to the second beam moments.

Example: Quadrupole channel at o, = 90° with depressed tune o = 15°.
Initial values: zero current beam parameters (see Sec. 3).

Iteration cycle 1: Mismatch factor x,x’ = 1.9913E+01, Mismatch factor y,y’ = 1.4785E+01
Iteration cycle 2: Mismatch factor x,x’ = 9.3624E-01 , Mismatch factor y,y’ = 3.6228E+00
Iteration cycle 3: Mismatch factor x,x’ = 4.9410E-03 , Mismatch factor y,y' = 6.5974E-03
Iteration cycle 4: Mismatch factor x,x"' = 3.0557E-09 , Mismatch factor y,y’ = 2.0786E-09
Iteration cycle 5: Mismatch factor x,x' = 4.6515E-20 , Mismatch factor y,y’ = 1.7896E-20
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7. Emittance growth effects

7.1. Emittance and field energy relations
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7. Emittance growth effects T,
UNIVERSITAT

=S 7.1. Emittance and field energy relations i s v

In Sec. 6.2, we defined the “RMS emittance” as a characteristic beam
property
N

9, \Def 575 [\ 1 2
53(5) Dt 2 % (xgj’) = 5 g (xl.x/. — x.x.’)
j i
2N i,j=1

Of particular interest for the dynamics of charged particle beams are
effects that cause a change (mostly a growth) of the RMS emittance.

In order to study these effects, we calculated its s-derivative:

d . 2e = ——
&(s) = ﬁ(af t'E, — xz’ a;E,)
ds mc” By ' '
=> The RMS emittance is constant for linear or vanishing E fields.
Question: what is the physical interpretation of this equation?
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7. Emittance growth effects DT . Sy
UNIVERSITAT

= 7.1. Emittance and field energy relations i s v

Continuous description: z'E, is defined as:

E]):effff E (z, y,z,s)[fff 7'f(z,y, z,:U',y',z’,s)dx'dy'dz’}dxdydz

The expression in brackets is easily identified as a local current density
in X-direction

7.(z,y,2,8) = Nec fff z'f(z,y, 2,2y 2 8)da'dy' d2’

In terms of j,, the moment z'E, is obtained as:

—
TE, = Necﬂ ff J.E (x,y,2,s)dedydz

= Necﬂ(a:’Ez+y’Ey+z'Ez):fffj-EdV-
14
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7. Emittance growth effects DT . Sy
UNIVERSITAT

=S 7.1. Emittance and field energy relations i s v

The energy conservation law for charges in an EM field is given by
Poynting’s theorem:

JJ[7-Bav +oo S+ ff a5 =0 ¢

where S denotes the closed surface that bounds the integration volume V,
and W stands for the electromagnetic field energy (here: in vacuum)

w-1 fff[E L

The surface integral is constituted by the Poynting vector

av

6= iE x B
Ho
which provides the energy flux across the surface S.
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7. Emittance growth effects T,
UNIVERSITAT

= 7.1. Emittance and field energy relations i s v

=>» The surface integral o
{F&ads

measures the total power (energy per time) that “escapes” through S.

=> If we choose the integration volume V large enough to contain all
charges, we can neglect this integral.

We further neglect the magnetic contribution to the field energy, so that

:%f{ E*av

The moment equation then simpliﬁes to:
1 dw
BV = ——=—
2N e ds f f Ne ds
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7. Emittance growth effects T,
UNIVERSITAT

=S 7.1. Emittance and field energy relations i s v

Particle description: z'E, is defined as:

Zac’E (z,,Y,,2,5)

i=1

/E D_efl

with the E, field derived from a space charge potential @,
1
Do (T, 5 265 8) :iz 1/2°
o [(Iz B x]')Z + (v - yj)Z + (2 - Zjﬂ

T —

Ez(xmyi,zi,s) — i
: ; (& =) + (5 —v,) + (2 - zjfr”

The electric field energy W is given by half the sum over all potentials

W) =2 A T
2g, Z;[(zl — a:j)z ar (yi - yj>2 + (z7 - ZJ')Z] /
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7. Emittance growth effects T,
UNIVERSITAT

= 7.1. Emittance and field energy relations i s v

dW(s) = € (z; — z,) (&) — =) + (v, — y,) (! — ;) + (2, — 2,) (2 — 2)
- ; ; 213/2
ds 280 i e [(Iz —a, )2 4 (y1 —y, >z N (ZZ s, )2}
o gz —g) +yly —y) =l =y g w) yly, w2
2 2 2 9 3/2
E (= =) (w w) (= 2)

=> We observe: the result agrees with the previously obtained result
from the continuous description.
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7. Emittance growth effects SIS ; B
= 7.1. Emittance and field energy relations i i i

Calculating the E-fields of different model charge distributions (next
section!), we encounter a correction factor A, that is close to unity
(F.J. Sacherer 1971, I. Hofmann 1987):

aﬁxEij&yEerzi zE, = — %dW

;1:2 y2 z2 Ne ds
ldg 1d5 1488 2 [dW_)\qu]
22 ds ? ds 2 ds Nmc’3y° * o ds
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7. Emittance growth effects T,
UNIVERSITAT

= 7.1. Emittance and field energy relations i s v

We now calculate the variation of F with respect to a variation of n:
§F = fff[goﬁéﬁ + N (Ae A+ )\ZZQ)énldVQO
Vv
The variation of the E field is related to the variation of n via Poisson’s

equation:
V6E = i(Sn(ar:, Y, 2)

€o
Partial integration of the E-related terms yields:
§F = fff [e®, + N7 (Aa® + Ay + 12" dV —¢, [[ @, 6Ed§ =0
S

with S denoting the closed surface around the volume V. As V can be
chosen arbitrary large, we can neglect the surface integral over S.
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7. Emittance growth effects T,
UNIVERSITAT

=S 7.1. Emittance and field energy relations i s v

The variation of n is related to variation of the position vector X by:
on(z,y,z) = n(x + dx,y + 6y, z + 62) — n(z,y,2) = Vn(z,y,2) - 6%, 6% = (6x,8y,6z)
Thus

§F = fff €@, + N7 (\2® + 00" +0.2°)| V- 83 dV =0

Since the variation of the position vector is arbitrary, we get 0 F = 0 if

Vn=0 < uniform density
F=0 &

Ned, = —(A\a* + Ay’ +A2°) &  quadratic space charge potential

Because of , e
Vo, =——n(z,y,2)
60
we easily convince ourselves that the quadratic potential corresponds
to a uniform density n(X,y,z) = const.
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7. Emittance growth effects L - T
= 7.1. E