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Abstract. We will present a consistent description of Hamiltonian dynamics on the
“symplectic extended phase space” that is analogous to that of a tdependent Hamiltonian
system on the conventional symplectic phase space. The extended Hamiltbneamd the
pertaining extended symplectic structure that establish the proper canonical extension of a
conventional Hamiltoniar will be derived from a generalized formulation of Hamilton’s
variational principle. The extended canonical transformation theory then naturally permits
transformations that also map the time scales of original and destination system, while
preserving the extended Hamiltonidi#;, and hence the form of the canonical equations
derived fromH;. The Lorentz transformation, as well as time scaling transformations in
celestial mechanics, will be shown to represent particular canonical transformations in the
symplectic extended phase space. Furthermore, the generalized canonical transformation
approach allows to directly map explicitly time-dependent Hamiltonians into time-independent
ones. An “extended” generating function that defines transformations of this kind will be
presented for the time-dependent damped harmonic oscillator and for a general class of
explicitly time-dependent potentials. In the appendix, we will reestablish the proper form
of the extended Hamiltonia#/; by means of a Legendre transformation of the extended
LagrangianL; .
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1. Introduction

The modern description of timedependent Hamiltonian systems on symplectic manifolds

is well established (e.g. Abraham and Marsden 1978, Arnold 1988, alus Saletan 1998,
Marsden and Ratiu 1999, Frankel 2001). If the Hamiltoni&is explicitly time dependent,

the carrier manifold of the Hamiltonian is of odd dimension, and the symplectic description is
no longer appropriate. However, many features of the symplectic description can be extended
to the “presymplectic description” on an odd-dimensional contact manifold (Abraham and
Marsden 1978, Marsden and Ratiu 1999, Frankel 2001). For instance, the theory of canonical
transformations, hence mappings within a symplectic manifold that preserve its symplectic
structure, can indeed be generalized on a presymplectic geometry. Nevertheless, the canonical
transformation theory within the presymplectic context suffers from the restriction that the
transformation must preserve time (Abraham and Marsden 1978, p 384). This means that
both the original and the destination system are always correlated at the same instant of
their respective time scales. Mappings, such as the Lorentz transformation, that necessitate
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a time shift between original and destination systems thus escape a description in terms of
a canonical transformation within the presymplectic formalism. Furthermore, regularization
transformations in celestial mechanics dating back to L. Euler (Siegel and Moser 1971), as
well as transformations of non-linear, explicitly time-dependent Hamiltonian systems into
time-independent systems (Struckmeier and Riedel 2001) are well-known to require non-
trivial mappings of the time scales.

Various approaches were made to describe these transformations within the context
of a generalized canonical transformation theory (Lanczos 1949, Synge 1960, Szebehely
1967, Kuwabara 1984, Asoret al 1983, Carfienaet al 1987, Caiienaet al 1988). The
underlying idea is to develop a generalized Hamiltonian formalism on a “symplectic extended
phase space” in analogy to the symplectic description on the conventional phase space of an
autonomous Hamiltonian syste@H /0t = 0). Specifically, in the extended formalism, the
time ¢ is treated as an ordinary canonical functign) = ¢"*!(s) of a new superordinated
system evolution parametet, Its canonically conjugate functiop,(s) will constitute
the additional coordinate that renders the carrier manifold even-dimensional — and hence
eligible for a symplectic description. The dynamics of the given system is then determined
by an extended Hamiltonia#/; with 0H,/9s = 0. As a consequence, all properties of
Hamiltonian systems on symplectic manifolds can then be similarly reformulated within the
extended Hamiltonian formalism. For example, time-dependent symmetries of explicitly
time-dependent Hamiltonian systems can be treated like usual symmetries of autonomous
Hamiltonian systems. Moreover, it is possible to define canonical transformations within
the symplectic extended phase space that are more general than those within the lower-
dimensional presymplectic description. This formalism will then naturally permit generating
functions of extended canonical transformations that also define a non-trivial mapping of
the time-scales of the original and the destination systems. Of course, an analogy with the
conventional canonical transformation theory will require the extended Hamiltéhida be
preserved under extended canonical transformations, and hence the form of the transformed
canonical equations derived frofh, .

Following the pioneering works of C. Lanczos (Lanczos 1949, p 189) and J. L. Synge
(Synge 1960, p 143), the extended Hamiltonidps is commonly defined as the energy
surfaceHrs = H — H = 0, with H denoting the value of the conventional Hamiltonian
H (e.g. Stiefel and Scheifele 1971, Thirring 1977, Asoetyal 1983, Kuwabara 1984,
Lichtenberg and Lieberman 1992, Stump 1998, Tsiganov 2000, Struckmeier and Riedel
2002a). Yet, the so-defined extended Hamiltoniéyy fails to meet the requirement of
being preserved under extended canonical transformations that define a non-trivial time
mappingt(s) — t'(s). As a consequence, the Hamiltonidéfi,s does not preserve the
form of the canonical equations under non-trivial time transformations, but satisfies only the
weaker condition of preserving the canonical form of the Hamilton-Jacobi equations (Synge
1960, Tsiganov 2000). With a missing canonical transformation ruléffgy, the extended
canonical transformation formalism based@yyg is incomplete

In order to consistently construct an extended Hamiltonian on the symplectic extended
phase space, other approaches (e.g. Gotay 1982 & w@t al 1987, Carfienaet al 1988)
pursued the idea of a “coisotropic embedding” of the presymplectic geometry of a time-
dependent! into the geometry of the symplectic extended phase space as the carrier manifold
of the extended Hamiltonian. This geometric reasoning led to a rather general form of an
extended Hamiltoniai{ - that is not necessarily physical. Specifically, the proposed extended
HamiltonianHc = f(H — H), with f an arbitrary function of the canonical variables and
time (Caniienaet al 1987, Cariienaet al 1988), is not compatible with Hamilton’s variational
principle and does not yield an analogous description of the system’s dynamics.
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So, despite the fact that the idea of a generalized formulation of Hamiltonian dynamics
on an extended symplectic manifold is long-established, we can state that a consistent
formulation that is analogous to the conventional symplectic description has not yet been
worked out. With this article, we aim to provide a consistent symplectic theory of the
extended phase space that is based on a canonically invariant extended Hamiltonian function
H,. The derivation of the extended Hamiltonidh, from a generalized formulation of
Hamilton’s principle will, therefore, be the starting point of our analysis in Section 2.1. It
will turn out that our extended HamiltoniaH; = k(H — H), with k = dt/ds coincides
with the Hamiltonian of the well-known Poindatime transformation (Siegel and Moser
1971, p 35), also referred to as the symplectic time rescaling method in the realm of
molecular dynamics. In conjunction with the extended symplezfiorm, we will show
in Section 2.2 that it is exactly this extended Hamiltonfdn that permits a description of
Hamiltonian dynamics on the symplectic extended phase space that is completely analogous
to the conventional symplectic description of time-independent Hamiltonian systems on the
non-extended, conventional phase space.

In Section 2.3, we will derive a consistent formalism of extended canonical
transformations within the symplectic extended phase space that preserve the extended
Hamiltonian H; and, therefore, the form of the canonical equations. In this description, the
evolution parametes serves as the independent variable that is common to both the original
and the destination system. In this respect, the new evolution parametays exactly
the role of the time in the conventional canonical transformation theory. The generalized
formulation of Hamilton’s variational principle thus establishes the basis for the definition
of extended generating functiofar finite canonical transformations that make it possible to
relate both systems differentinstants of their respective time scale&s) andt'(s). We
will furthermore formulate the extended version of Liouville’s theorem that applies to the
symplectic extended phase space. In addition, the restrictions will be worked out that are
to be imposed on the functional structure of extended generating functions in order for the
transformed time’ (s) to sustain the meaning ofs) as a common parameter for all canonical
variablesp, andq’".

As a first example of an extended canonical transformation, we will show in Section 3.1
that the Lorentz transformation can be formulated as a particular canonical transformation in
the extended phase space. Since its generating function does not explicitly depemndeon
will encounter the interesting result that the extended HamiltoAiams Lorentz-invariant.

In celestial mechanics, regularization transformations of many-body systems are known
to require a replacement of the physical timby a “fictitious” time ¢. We will show in
Section 3.2 that these transformations can be formulatéditescanonical transformations in
the symplectic extended phase space that preserve the extended Hamilipni&fa thereby
integrate the useful and well-established regularization techniques of celestial mechanics into
the framework of a now consistent generalized formulation of the canonical transformation
theory.

In Section 3.3, an extended generating function will be presented that defines a canonical
mapping of a general class of explicitly time-dependent Hamiltonian systems into time-
independent ones. Demanding the transformed system to be autonomous then determines
the time correlation of both systems. For the simple but important case of a time-dependent
damped harmonic oscillator, the extended canonical transformation yields the well known
invariant given by Leach (Leach 1978). For the general class of non-linear and explicitly
time-dependent Hamiltonian systems treated in Section 3.4, we will show that the canonical
transformation establishediaear mappingof the system’s global quantities energyt) and
second momentg(t)p(t) andg?(t) into their respective initial valueX, gopo andg3.
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In Appendix A, the concept of a parameterization of time will be reviewed for Lagrange’s
formulation of dynamics. By means of a Legendre transformation of the extended Lagrangian
L1, we will reestablish our extended Hamiltoni&h of Section 2.1. We thereby confirm that
it is precisely this extended Hamiltonian that is compatible with the extended formulation
of Hamilton’s variational principle, and hence with a consistent formulation of Hamiltonian
dynamics on the symplectic extended phase space.

2. Hamiltonian formalism in the symplectic extended phase space

2.1. Hamilton’s variational principle, extended Hamiltonian

We consider an explicitly time-dependent Hamiltoniéh that is defined on a finite-
dimensional contact manifol@i*() x R with its closed, generally degenerate contafbrm

wg = w — dH A dt. Herein,w stands for a symplectic, i.e. closed, non-degenerate and
antisymmetric2-form that renders the manifol@*@Q symplectic. On an exact symplectic
manifold, there exists a-form \ with exterior derivatived\ = w. Hamilton’s variational
principle states that the actual system trajectsyC 7*@Q x R is the critical point of a path
map& : C — R with d&(Cy) = 0. The map® is defined as the integral along a path
C C T*Q x R over the contact-form A — Hdt, hence

S(C) = /C(/\ _HAY),  d&(Co) =0. )

In canonical coordinates, we hawe= pdgq, with (¢, p) € T*Q the pair ofn-component
vectors and covectors. The actual variatiorCois performed on the presymplectic manifold
T*Q x R. As the basis for a symplectic description, we reformulate Equation (1) by
treating the timet = t(s) = ¢"*!(s) as an ordinary canonical variable that now depends,
like all other canonical variables, on a newly introduced superordinated system evolution
parametes. To this end, we first introduce formally the extended configuration manifold as
the product manifold); := @ x R, whose elements, in coordinate representation, comprise
the vectorsq; = (g,t) € Q1. The extended Hamiltonia#/; is then to be defined as a
differentiable function on the cotangent bundlé@; as the carrier manifold. Following
the usual nomenclature @f*@Q as the “phase space”, we refer to the symplectic manifold
T*@Q, as the “symplectic extended phase space”. With respect to a canonical basis of a chart
Uy C T*Qq andp; = (p, put1) € Ty, Q1, the extended HamiltoniaH, (g1, p1) thus maps
all pairs of(n + 1)-component vectors and covectes, p1) € U, into R. Of course ™ Q)
embodies a cotangent bundle, hence a symplectic manifold, if and only if the symplectic
structurew on T*@ can be “extended” to a symplectic, i.e. non-degenerate struttune
T*@Q. This is achieved by a proper choiceof, ;.

With 6, : C — R denoting a mapping of path§ ¢ T*Q; into R, Hamilton’s
variational principle of Equation (1) can be written equivalently in terms of the extended
1-form A = X + p,,.1dt as the integral

6.(0) = /O(A — Hyds), d&,(Cy) =0, 2
with
Hyds = (H + pp1) dt. 3)

In canonical coordinates, the extendetbrm is given byA = p;dq;. The variation of the
action integral (2) is now to be performed by varyi@gC 7Q.. We will see later that the
critical pathCy is compatible with the patt following from (1).
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In the case of an autonomous system, the Hamiltoflas const defines &a2n — 1)-
dimensional hypersurface ii*@Q. The corresponding requirement f&f, — considering
that the Hamiltonian is only determined up to an arbitrary additive constant — then suggests
to defineH; as an implicit functiond; = 0, which then defines &n + 1)-dimensional
hypersurface irf™*@;. With regard to Equation (3), this, in turn, implies to defirg, 1 as
thevalueH of the system’s Hamiltonia/

—Pu+1(s) = H(s) = H(q(s),p(s),1(s)) . (4)

The notatiortH is used to distinguish the Hamiltonifunction H, defined oril™ @ x R, from
its valueH(s) € R as a news-dependent canonical variable. Provided that the Hamiltonian
represents the sum of the system’s kinetic and potential enetgiesquantifies the system’s
instantaneous energy content. The negative system energy ceiftetttus embodies the
canonical variable that is conjugate to the canonical variable timés will be shown
in Appendix A.2, the result,, 1 (s) = —H(s) follows also from the derivative of the extended
Lagrangianl; with respect to the fibré¢/ds.

In canonical coordinates, the transition from the presymplectic carrier manifdidtof
the symplectic extended phase space is thus given by the/mapQ x R — T*Q;

(@,p.t) % (,p,1, H), H=H(q,p,t).

The inverse mapping—! : T*Q, — T*Q x R thus replaces th&-terms by the Hamiltonian
function H. The general, coordinate-free equation that uniquely relates a given Hamiltonian
H:T*Q xR — R, to its extensiorf{; : T*Q; — R is thus obtained from (3) as the equation

Hids = (H —'H)dt. (5)

We emphasize thatl; is uniquely determinedy the settingp,.; = —H and by the
requirement that the conventional form of Hamilton’s variational principle from Equation (1)
be equivalent to its extended formulation in Equation (2).

With the extended covectgr;, = (p, —H), the canonical coordinate representation of
the extended HamiltoniaH; is given by

dt
Hl(qlapl):k[H(qvpat)iH]a k:£ (6)
The canonical representation of the extended symplectic stru@terelA on 7*(Q); is then
with the additional pait¢™**, p,, 1) = (¢, —H) of canonical coordinates

n+1 n
Q=Y dp;Adg' =) dpiAdg’ —dH AdE. 7

=1 =1
Remarkably, the extended Hamiltoniah in the form of Equation (6) was first introduced by
Poincaé (Siegel and Moser 1971, p 35). Comparing this form of the extended Hamiltonian
H; with those frequently found in literature (Lanczos 1949, p 189, Synge 1960, p 143,
Szebehely 1967, p 329, Stiefel and Scheifele 1971, Thirring 1977, Assirey 1983,
Kuwabara 1984, Lichtenberg and Lieberman 1992, Wodnar 1995, Stump 1998, Tsiganov
2000, Struckmeier and Riedel 2002a), we notice the additional scaling faetait/ds. As
will become clear in the context of extended canonical transformations, this factor is crucial
to ensure the form-invariance @f; under non-trivial canonical time transformations. On
the other hand, we observe that the scaling fagtanust not be defined as an arbitrary
differentiable function onl™*@Q, in order to be compatible with Hamilton’s variational
principle. We will discuss this issue and its implications for the canonical transformation
formalism in Section 3.2.
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As H stands for the value dff, the extended HamiltoniaH; of Equation (6) occurs as
theimplicit function H; (g1, p1) = 0. In view of the assertion that the extended Hamiltonian
H, vanishesidentically (Lanczos 1949, p 186), we observe that this is only true for the
representation off; on the(2n+1)-dimensional presymplectic submanifdd @ x R, which
is obtained by replacing in (6) with the Hamiltonian functio#/. However, on thé2n + 2)-
dimensional symplectic extended phase sggab®,, the extended HamiltoniaA; doesnot
vanish identically but constitutes the implicit constraint functiin(p;,q;) = 0, which
defines g2n + 1)-dimensional hypersurface i*@Q; on which the system'’s evolution takes
place — analogously to th@n — 1)-dimensional hypersurface i*Q that defines a regular
energy surface through the constraint functiéty, p) = H, in the case of an autonomous
Hamiltonian system.

We note furthermore that in the Lagrangian description on the extended tangent bundle
TQ1, reviewed in Appendix A, the factait/ds is the (n + 1)-th element of the extended
tangent vectordq: /ds € T, (@1, and hence appears as an independent variable in the
argument list of the extended Lagrangiban defined ori’@Q . In the Hamiltonian description
on the extended cotangent bund&@Q,, the scaling factok = dt/ds is no longer an
independent function of the system evolution parameter, but takes on the role of a parameter
function.

2.2. Canonical equations, Poisson brackets

With the canonical coordinate representatios- p;dq; of the extended-form A, we obtain
the s-parameterization of the variational integral (2) as

n+1

5/32 lsz(S)dq;gS) — H, (ql(s),pl(s)) ds=0. (8)

S1

This representation of Hamilton’s variational principle i (g;, p1) formally agrees with
the conventional description for a time-independent Hamiltorfidlg, p). Therefore, the
critical path within the extended phase-sp&ge(s), p1(s)) C T*Q: is constituted by the
solution of the extended set of canonical equations

dqz 8H1 de 8H1 .

I o ds——a—qi, i=1,...,n+1. 9)
In contrast to the total time derivative of the original Hamiltonidn the totals derivative
of H; obviously vanishes identically by virtue of Equations (9)#;/ds = 0. Thus,
the extended Hamiltonia#l; (g1, p1) from Equation (6) formally converts any given non-
autonomous systerfl (g, p, t) into an autonomous system Q. InsertingH; from (6),
we may express the extended set of canonical equations (9) in terms of the conventional
HamiltonianH (g, p,t) as

0 _ O - dp_ jOH dt DG OH )

ds Op; ds aq" ds ds ot
The leftmost two equations are simply the conventional canonical equationsswith
independent variable instead 6f This shows that the critical paths, and C, from
Equations (1) and (2) are equivalent, as required. The rightmost equation from (10) states that
the partial time derivative off now constitutes a regular canonical equation — the equation of
motion forH(s). Yet the conjugate equation of motion figs) merely constitutes aidentity.
This reflects the fact that the variational principle of Equation (2) does not provide additional
information, compared to its formulation in Equation (1). The parameterization of the time
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t = t(s) thus remains undetermined. As a consequence, the critical(pathat is given

as the solution of the extended set of canonical equations satisfies Hamilton’s variational
principle (2) forall differentiable parameterizations of time= t¢(s). According to (10),
instants ofs with £ = 0 simply mean that the system “freezes” at those points. A neghative
describes a backward time flow asncreases. This is also a valid parameterizatient(s)

as Hamilton’s variational principle is invariant with respect to the time reversal transformation
t — —t.

The extended set of canonical equations formally (9) agrees with those derived by
Lanczos (Lanczos 1949, p 189) and Synge (Synge 1960, p 144). Yet, insertiag toe
approach of an extended Hamiltonidh,s = H — H of Lanczos and Synge into (9) yields
the canonical equatiodt/ds = —0Hps/OH = 1 in place of the identitydt/ds = k
in (10). The extended HamiltoniaH s thus restricts = ¢(s) to a fixed function of the
system evolution parametet,and hence abolishes the idea ©f) = ¢"*(s) as an ordinary
canonical variable. It is now evident why the factore d¢/ds in the extended Hamiltonian
H, from Equation (6) is important. As we will see in the context of extended canonical
transformations — which are associated with non-trivial time mappifgs— t'(s) — the
a priori fixation of ¢(s) is inadequate adt/ds = 1 anddt’/ds = 1 cannot simultaneously
hold true in the original and the transformed system. Therefore, an extended Hamiltonian
Hys = H — H does not meet the requirement of conserving the form of the canonical
equations under extended canonical transformations.

Obviously, the vector analysis operations’Bn@, with its symplectic2-form € from
Equation (7) are analogous to the corresponding operatiod0@,w). Let F' denote a
differentiable function or" : T*Q,; — R. We can associate tB a unique vector field\ »
onT*@Q, by means of the interior product

XpiQ=—dF.
In canonical coordinate description, this means that we have along the integral cuigs of
d¢* OF dp; OF .
ds ~ ap;’ ds__aqi’ i=1,....,n+1.
Identifying £ with the extended Hamiltoniaf/;, the related vector field that generates the
system’s dynamical evolution is then the extended Hamiltonian vectorXigid

"\ (0H 0 OH 0 0H 0 0
T =t @(apiaqi 3 o) wtmﬁm] | o

satisfying
Xy, 0Q=—-k (dH —dH) = —dH; .

Obviously, the(2n + 1)-dimensional submanifold of*@,, defined byH; = 0 of
Equation (6), is invariant under the flow &fy, . The restriction ofX , to the presymplectic
manifold7*Q x R then yields the scaled representatiotiy; of the vector fieldX ;; (Abraham
and Marsden 1976, p 376) that describes the dynamics of a time-dependent Hamiltonian
system(T*Q x R,wp, H).

Let F andG now denote two differentiable functions @i Q,, with Xr and X« the
related dynamical vector fields. The extended symplexfiorm induces a corresponding
extended Poisson brackgt .}, via

" /OF 0G  OF 3G OF 0G  OF 0G
mmxwﬂmmz( )

“~ \0q¢' Op;  Op; 9q'

ot on T on ol (12)
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As is easily verified, the fundamental Poisson brackets are
{¢".¢}e=0 {pipj}e=0 {d¢"pj}e=0, i, j=1,...n+1.

The extended set of canonical equations (9) yields for differentiable functidgfis@np, hence
functionsF' that do not explicitly depend on

dF
F H}. = —.
{F i} ds
The Poisson bracket representation of the canonical equations are thus obtained as
dp; ; U
is Hife = —— CHile=—, i=1,... 1.
pithte= o0 Ad Hije= o0 n+

This shows again that the canonical equations emerging from the HamiltBhpiare just the
conventional canonical equations, expressed in terms of the system evolution pakameter
From Equation (12), we easily confirm that the exten@ddrm Q2 is non-degenerate.
Given two differentiable function§ onT*Q1, then{F, G}. = 0 for all G obviously implies
F = 0. Consequently, the extended Hamiltonian vector fi&lg, from Equation (11) is
uniquely determined by the extended Hamiltonfan This establishes the complete analogy
of our extended description of explicitly time-dependent Hamiltonian systéig,, 2, H;)
with the conventional description of timedapendent Hamiltonian systefiB*Q, w, H).

2.3. Canonical transformations, Liouville’s theorem

By definition, the subset of diffeomorphisms T*Q; — T*Q that preserve the symplectic
structuref? are referred to as symplectic, or, synonymously, as canonical. This means that the
induced map (pull-back)* that acts orf2 must satisfy

PN=0. (13)

As the closed canonic&@-form  is locally exact 2 = dA), and the pull-back commutes
with the exterior derivative, it can be concluded that\ may differ from A at most by an
exactl-form. With a differentiable “generating functio#; , we thus obtain

¢*A—A+dF, =0.

The condition that the integrand of the extended variational principle (2) must remain form-
invariant is then expressed in canonical coordinates for a funétion@; x @Q; x R — R
as

> pidg' — Hdt — Hids = > pjdg'" — H'dt' — H{ds + dFi(q,q',t,t,5). (14)

i=1 i=1

The requirement (14) thus automatically ensures the form-invariance of the canonical
equations switching from the unprimed to the primed variables. Comparing the coordinates
of thel-form dF}

" /OF, . OF, ., OF OF OF
dF1:Z< Fdg' + 1dq”)+1dt+ St + —ds

— aq’ oq't ot ot’ 0s
with (14), we obtain the transformation rules= 1, ... ,n)
or , or, oFy , O , or
i = A i T T Q.70 = T a7 = A H =H —a_ -
Pi= g0 PiT Tog ot or 0 =t

We immediately conclude that the extended Hamiltoniinis preserved if and only if the
generating functiorf; does not explicitly depend on

H{(¢,p',t',H')=Hi(q,p,t,H) <= 0F/0s=0. (15)
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In order for the description in the new set of coordinates to be equivalent to the original set of
unprimed coordinates, the transformation must be invertible. This is assured if and only if the
Hessian condition

det( Ok 4>7éo (16)

0q*0q'7

of the(n + 1) x (n + 1) matrix of second partial derivatives &f is satisfied along.
With the help of the Legendre transformation

Fy(q,p',t,H',s) = Fi(q,q',t,1', s +Zq”’ t'H', 17)

an equivalent generating functidf can be defined that depends on the original configuration
space and the new momentum coordinates. If we compare the coefficients pertaining to the
respectivel-formsdq?, dp,, dt, dH’, andds, we find the following coordinate transformation
rules to apply for each index=1,...,n:

oF, . OF, oF, ., OF oF;
s s B VRS R R (R ] 18
P U T T g T (18)

Equivalent transformation rules are induced by generating functions
Fi(q',p,t',H,s) = Fi(q,q',t,t',s) — qu1+tH

0F3 ,  OF3 0F3 OF3

oF; .
=3 =3 =23 =23 Hl=—H 43 19
=g 9T g T oM’ LR (19)
and

Fy(p,p',H. "', s) = F3(d',p,t', H, s +Zq” P —t'H

=1
. 9F, ,, OF, oF, .,  OF, OF,
4 = — g = — t: —_— = —— H H —_—
¢ ap. . 1 T ap o 77 B PR

The extended Hamiltoniaff; is again preserved if the, 3 4 do not explicitly depend og.
Of course, the Hessian condition (16) must apply similarly g 4 in order to assure the
invertibility of the generated symplectic map.

The transformation rule for the conventional (non-extended) Hamiltontatg p, t)
and H'(q',p’,t') follows finally from the common transformation rule for the extended
HamiltoniansH, (g1, p1) andHi (g1, p}),
oF
0s’
with £ standing for one of the particular generating functiédng 3 ». We write the above
rule in explicit form by inserting the extended Hamiltonians in the form of Eqg. (6)

de’ dt OF
H(¢,p,t')-H|—=|H t)—H|—+ —. 20
[ (@'.p',t) H}ds [ (@,p.t) = H|+ 5 (20)
If the generating functiot if not explicitly s-dependent, the evolution parametetan be
eliminated from Eq. (20) to yield the more specific transformation rule for the Hamiltonians
under generalized canonical transformations
ot
! / / !
{H(q,p, - H}(‘)t

Hy = Hy +

=H(q,p,t) —H. (21)
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As we will see in the following, the rules of Egs. (20) and (21) generalize the transformation
rule for the Hamiltonians of the conventional canonical transformation theory.

With the set of extended canonical transformations providing a superset of the
conventional ones, it is not astonishing that a conventional generating furfsiignp’, t)
can always be reformulated as a particular extended generating fudétignp’, t, ') by
means of

FZ(qap/ath/) = f2(q7p/7t) _tH/' (22)
The related transformation rules follow from Equations (18) as
af2 14 8f2 ’ an ’ /
i = - t = ) = -——, t'=t, H{=H.
Pi= g 4 Ty MEM 1=

As the generating function from Equation (22) does not explicitly depend, dhe non-
extended Hamiltonians transform according to Eq. (21), which yields with the above
transformation rules foi andH’

ofs

ot~

The conventional transformations — generatedfby— thus coincide with the particular
subsetof general transformations generated Byfrom Equation (22). In other words, the
conventional canonical transformations distinguish themselves by the fact that the system
evolution parametes can be replaced by the timieas the common independent variable of
both the original and the destination systems. In this respect, the transformations generated by
f2 are the time-dependent canonical transformations on the presymplectic contact manifold
T*@Q x R of definition 5.2.6 of Abraham and Marsden 1978.

According to the fourth rule of Equations (18), the “extended” generating funclipirs
general define non-trivial time transformatians# t. As will become clear in the following
example section, it is thiseedomnto relate a given system to a destination systeriftgrent
instants of their respective time scales that enables us to formulate the Lorentz transformation
as a particular canonical transformation in the extended phase space. Furthermore, we
will show that only the generalized canonical transformation approach allows us to directly
transform an explicitly time-dependent Hamiltonian system into a tirdependent one.

The extende@-form Q2 has the highest non-vanishing power

Qntl — <n+ 1)| . (_l)n(n+1)/2 ~dpy A - /\danrl /\dql A /\dqn—H )

The invariance of2 with respect to canonical transformations thus induces the invariance of
the extended volume forivi;

H =H+

Vi=dpi A+ Adppsi Adgt A Adg" T =dpi Ao Adpl A A Adg M

This is, in canonical coordinates, the extended phase-space formulation of Liouville’s
theorem.
It is obvious that an extended canonical transformation can only sustain the character of
time ¢ as a common parameter for all particles if the transformed tinrdees not depend on
the coordinates of different particles, i.e. if
o ot
dq' B Opi B
Thus, the conditions from Equation (23) impose restrictions on the functional dependence
of extended generating functions in the case of multi-particle systems. We will encounter
this restriction in the context of the Lorentz transformation, to be discussed in the following
section.

(23)
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Moreover, we easily convince ourselves that a “space-time decompositiof; =
T*@Q x T*R of the symplectic extended phase space is preserved if in addition to (23)
ot oq'"  Op;
OH  OH  OH
With the conditions (23) and (24) fulfilled, the extended canonical transformation can be
factorized as a conventional canonical transformation times a pure time scaling transformation
of Section 3.2. In contrast to an assertion of Asaregl 1983, this is not necessarily the case:
the Lorentz transformation, regarded as a particular canonical transformation in the extended
phase space, does not satisfy all conditions, and hence cannot be factorized.
Furthermore, Liouville’s theorem applies simultaneously in the subspage hence in
the conventional phase space if
ot oH'
ot OH
holds in conjunction with Equations (23) and (24).

=0. (24)

(25)

3. Examples of canonical transformations in the extended phase space

3.1. Lorentz transformation

Here we consider two Cartesian frames of refereficey, z) and (2/,y', 2") that move

with respect to each other at a constant veloeity For simplicity, we first set up the
coordinate system to be aligned so that the relative motion occurs alongakis. Under

these circumstances, thye andz-coordinates are not affected by the Lorentz transformation

(y' = y, 2/ = 2). As this transformation necessarily involves a non-trivial mapping of the
respective time scalgs— ', it cannot be described in terms of a canonical transformation

in the conventional phase space. Nevertheless, in the extended phase space, a generating
function F;, exists that exactly yields the Lorentz transformation rules,

/

Fao ot 1) = [t = et) = "t )] (26)
With ¢ denoting the speed of light, the common notation is used to express the scaled relative
velocity in the abbreviated fori = v/c. As usual;y stands for the relativistic factor, defined
byy2=1-p2%

For the particular generating function (26), the general rules for a canonical
transformation in the extended phase space from Equations (18) specialize to

_ OF; _ , H _ 0Fy , ,
OF: OF: 8
x/zap? :7($_5Ct)7 t/:_aHQ/:’y(t_cﬁ)a

Hi(2',pl,t',H') = Hi(z,ps, t, H), H =~H'+ Bycpl,.

As required, the transformation rule for the HamiltonighandH’, given by Eq. (21), agrees
with the corresponding rule for their respective valiésand?’. In complex notation, the
coordinate transformation rules take on the familiar form of an orthogonal linear mapping

! v a0y 0 0 x
ict! —iBy v 0 0 ict
= ) 27
Pl 0o 0 v ipy Px @7
iH'/c 0 0 —ify ~ iH/c
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We observe that the generating function (26) provides both the transformation rules for the
(z, ct) coordinates — which commonly refer to the Lorentz transformation — and the related
rules for the conjugate coordinates momentum and erl@rgy/c). This is not astonishing,
as a canonical transformation always maintains the symplectic structure of the Hamiltonian in
guestion — which requires the transformation rules for all canonical variables to be uniquely
defined.

For the general case that both frames of reference are not aligned, their relative scaled
velocity is expressed by thecomponent vectoB8 = (3%). With ¢ = (x,y,2) = (¢*) and
P = (pl.p,p.) = (b)), the general form of the generating functidh for the Lorentz
transformation is then given by

H [
F / N _ 2 : igt
Q(qapvtaH) FYC [ ﬂq ct

i=1

3 3 ) ﬂzﬁk )
+) ) [Z <5’k +(v-1) ) q" - vctﬁl]

i=1 k=1 |l@‘2
(28)

which simplifies to the generating function (26) for the aligned cése= 3, = g3,
B% =3, =0,and3 = 3, =0.
The generating function (28) of the Lorentz transformation has the particular property
0?Fy ot’
d¢toH’  Oq¢t
which does not vanish fa’ # 0. This is the reason why it is impossible to maintain the
meaning of the transformed tinieas a global parameter for the transformed coordingltes
and¢’? in multi-particle systems. Because of (29), the transformed tintepends ony’,
which means that individual particles in the transformed system no longer carry the same
time ¢’. Furthermore, a factorization of the symplectic extended phase §page is not
preserved as the conditions (23) and (24) are not satisfied. Hence, the Liouville volume form
V; is preserved ofi *()1, but not the volume forms of any of its subspaces.

In order to relativistically describe multi-particle systems, Satal 1989 introduced
an 8 N-dimensional phase space, in which the positions and momenta pérticles are
described as twd-vectors that depend on a common evolution parameter. A more general,
field-theoretical approach has been developed by Gotay (Gbi@ihyl997) on a “multiphase
space” that is endowed with a “multisymplectig? + 2)-form as the covariant generalization
of the symplecti@-form of Hamiltonian mechanics.

We furthermore observe that the generating function (28) does not explicitly depend
on s. According to (15), this means that extended Hamiltonigfsfrom (5) are always
Lorentz-invariant — in contrast to non-extended Hamiltoni&hsOf particular interest are,
therefore, those non-extended Hamiltonidiighat are form-invariant under the canonical
transformation generated #y from Equation (28). As an example of how to convert a given
non-Lorentz-invariant Hamiltoniaf/n1, into a Lorentz-invariant formHy,, we consider the
Hamiltonian of a particle with mass and charge within an electromagnetic field, defined
by the potential§ A, ¢)

g (29)
C

[P —cA(q,t)]”
2

HNL (q7 P7 t) = + €¢(qa t) . (30)

As only expressions of the form? — c?t2 and (P — eA)? — (H — e¢)?/c? are invariant
under the orthogonal transformation (27), the Hamiltonian (30) is obviously not Lorentz-
invariant. In the extended phase space, however, a Lorentz-invariant form of (30) can easily
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be constructed by adding the requirketerm

1 2_(H—e¢—m02)2

Hi(q,P,t,H) = o l(P —cA) 2 +ep +me*. (31)

m

We thus have chosen the usual normalization to défine= H = mc? for the particular case

P = 0 and zero field. The addition of thec? terms merely describes a Lorentz invariant shift

of the origin. According to (4), the Hamiltonian (31) @@, is mapped into a Hamiltonian

on the usual carrier manifol@™* @ x R by replacing the Hamiltonian’s valug with the

HamiltonianHj, itself,

> (Hi —ep—mc?)?
62

Hy(q,P,t) = ﬁ l(P —eA) +ep +mc?. (32)

Solving (32) forHy,, we obtain the well known result

Hi(q, P,t) = \/@[P — cA(q.0) +m?c + ed(a.b)
i.e. the Lorentz-invariant form of the Hamiltonidih for a particle within an electromagnetic
field.

3.2. Euler’s time scaling transformation

In the context of the regularizing transformation of the three-body problem (Siegel and
Moser 1971), we encounter from heuristic reasoning a replacement of the tisna new
independent variable’, defined by

t
vy = [ 97
to &(7)

We shall see in the following that this particular transformation constitutes a simple canonical
transformation in the extended phase space. Namely, a canonical transformation that defines
an identical mapping ig andp but merely “scales” the extended variabl¢s) and(s) is
induced by the extended generating function

Fy(q.p,t,H')=qp —H ti (33)

2 ) s Uy ' 6(7-)’

with £(¢) denoting ararbitrary function of time only. The particular transformation rules
emerge from the general rules (18) as

t

. p d

di=q, pi=pi, t'=[ S, H=¢(WH, H,=H. (34)
tgf(T)

FromH(q},p}) = H1(q1, p1), hence fromH —H = (H'—H') 8¢’/ 3¢, we directly conclude

H'(q(t"),p(t'),t') = &(t) H(q(t), p(t), ) -
Not surprisingly, the Hamiltonian&/ and H’ follow again the same transformation rule as
their respective value${ andH’. Because of

PPF, PR, 0
o¢'OH’ — Op,oH
the transformed time’ retains the character of a global parameter that is common to all
coordinateg’? andp), in the transformed system. A factorization of the extended phase space
T*Q1 = T*Q x T*R is preserved, since additionally
ot og"t _ ap;
OH OH OH
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Because furthermore

ot' oH"

ot OH
the volume forms on the subspac®s) and7*R are separately conserved by means of the
canonical transformation generated by (33), hence

V=dpi A Adpp, Adg* A---Ad¢" =V, dtAdH =dt' AdH' .

Following from the fact that(¢) is an arbitrary function of time only, it can be freely
identified with any combination of the canonical coordinajés andp(t), regarded as the
time functionghat are obtained from integrating the canonical equations. Of course, this does
not mean that(¢) acquires an explicit dependence on the coordingtesd p; hence an
expression of(t) in terms ofgq(t) andp(t) must not be inserted back into the Hamiltonian!
Therefore, the identification @f(¢) with functions of the canonical coordinate&) andp(¢)

is admissible onlwafter all differentiations with respect to the canonical coordinates have been
accomplished.

A simple example of how to formulate a time-scaling transformation as an extended
canonical transformation will be presented in the following for Euler’s regularization of the
Kepler equation of motion in one dimension. The Hamiltonian of this problem is given in
normalized form by (Stiefel and Scheifele 1971).

1,2 K2 2

with T' the gravitational constant}/, m the masses, and the distance of the collision
partners. A1 does not explicitly depend on time, we hal® /dt = 0H /0t = 0, hence

KQ

H=1p* - = const . (35)

The resulting equation of motion faris obviously singular at the point of collision at= 0,
A2z N K? 0
dt? x2

It was L. Euler who first worked out a transformation of the time scales that regularizes this
equation of motion. The canonical transformation in the symplectic extended phase that
defines this regularization transformation is generated by the funétiosf Equation (33)
and the subsequent coordinate transformation rules (34). The transformed Hamiklidmsan
then
K2

H/(.’,E,p7 tl) = g(t/) (épz - ZC) ) (36)
with the coordinates’ = z, p’ = p and£ now understood as functions 8f As a result of
the fact that the transformation is canonical, the form of the canonical equations is preserved
in the transformed system,

dz OH' , dp OH’ . K?
=gt =
The equation of motion in terms ¢fand the energy conservation relation from Equation (35)
follow as
A2z 1dédx  K2¢2 dz\? ) K2
5 = =) =2 — . 37
de’2 g de’ d + x? 0, <dt') ¢ <H+ x > (37)

Having worked out the transformed equations of motion, we are now free to identify the as
yet undetermined functiof(¢’) with an arbitrary function of the canonical variablg$’) and
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p(t"), regarded as functions of timé respectively. In doing so, we fix the correlation of the
“fictitious” time ¢’ with the physical timé. In the present case we define

()= a(t) — t(t’):/o 2(r)dr .

The equation of motion and the energy conservation relation from Equation (37) now reduce

to
2z 1 /dz\? dz\ 2
_ (= K2 =0 — ) =2Hz* +2K?x.
di’2 x(dt’) + ’ (dt’> Tt *
By finally inserting the energy conservation relation into the equation of motion, we obtain
Euler’s regularized equation of motion
d?z
dt/2
Summarizing, we can state that the time scaling transformation from Equation (34) can
be considered as fiite canonical transformation in the symplectic extended phase space.
However, in order to maintain the consistency of the canonical transformation approach, the
identification of the arbitrary time functiog(¢') with a suitable combination of théme
functionsq(t') and p(¢') can only be performedfter having worked out the transformed
canonical equations. In other words, the identificatiof) = x(¢') must not be inserted back
into the HamiltonianH’ of Equation (36) sincé(t’) continues to be a function of time only
and does not “acquire” an explicit dependence on the canonical variables. This contrasts with
procedures sometimes found in literature (Banaet al 1987, Caifienaet al 1988, Tsiganov
2000).

—9Hz=K?.

3.3. Time-dependent damped harmonic oscillator

The time-dependent harmonic oscillator model is frequently used as the first-order
approximation for non-linear, explicitly time-dependent Hamiltonian systems. We shall
demonstrate in the following that a systemofparticles that is confined within a time-
dependent harmonic oscillator potential and that is subject to linear time-dependent damping
forces can be mapped into a conventional undamped time-independent harmonic oscillator
system by means of a single canonical transformation in the extended phase space. The
Hamiltonian of the original system is given by

H(g,p,t) = 3¢ "Op* + LeF W2 (t) ¢*. (38)
which yields the equations of motion
i'+ )+ () g =0, i=1,...,n, f(t)=F(). (39)

The destination Hamiltonial’ — with ¢’ its independent variable — shall be the autonomous
system

H'(q',p') = 39" + 5wiq"”. (40)
A one-parameter family of function$y(q,p’,t, H’) that generates the mapping of the
Hamiltonian (38) into the Hamiltonian (40) has been found to be

ef' ()

£(t)

qp'+ e lg(t) - f(t)] ¢-r [ 2

Fy(q.p t,H) = 20 o &(7)
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with the parameteg(t), for the moment, an undetermined differentiable function of time.
Because of the quadratic dependence on the canonical coordinates, the transformation
rules (18) yield the linear mapping

()b ) (1)
& ~3(E—EnNVerIED VEDETD )\ pi )

The transformations of timg energyH, and extended Hamiltoniak; between both systems
emerge from the generating function (41) as

, tdr

s

Ho=eH—L(E-¢f) ap+ e (E- € - ¢f) @2, (43)
H{ =H;.

We observe that the time-shift transformation between both systems is determined by the as
yet unknown functiorg (¢). In any case, the transformed tiieloes not depend on individual
particles coordinates, hence retains the charactemefa global parameter for all particles.

The correlation of the Hamiltoniang and H' follows from Eq. (21). Withdt' /ot = £1(t)

and inserting the Hamiltonian (38), we obtdif as

H(q ) = 397+ 3¢ |36 = 1€+ & (&~ 37 - 177) ]

having replaced all unprimed variables according to the rules (42) and (43). Hence, the
destination Hamiltonian (40) indeed emerges if we identify

Le€— 1€+ €2 (wA(t) — 5 — 1/?) = wh = const. (44)

The primed system’s potential is not time-dependent if and onlyf/d¢’ = 0. This
condition yields the linear third-order equation

€0 +¢ (120 - 2f0) - () + € (4w = F - ff) =0, (49)

As a result of this requirement, the functigfit) is now determined — and hence the
time correlationt’(¢) of both systems. It is precisely the extended canonical-transformation
approach that enables us to properly adjust this time correlation. §itha solution

of (45), the Hamiltoniani’ does not depend on time explicitly. Expressed in the unprimed
coordinates, the valul’ of H' then yields an invariant of the original system (38)

H =L Pep? — L (E-¢f)ap+ 3ef® (€& —&f +26°(1)) ¢ = const. (46

In terms ofp(t) = \/£(t), the invariant (46) agrees with the invariant found by Leach (Leach
1978) for the case = 1. Moreover, the invariant!’ can be rendered a function gfand

p only for this linear dynamical system. We easily verify that a particular solu{oh of
Equation (45) is given by

£t) =e"Vg?(1), (47)
of course provided thaf(¢) is a solution vector of the equations of motion (39). Inserting (47)
and its first and second time derivatives into (46), the invaftériakes on the simple form

n
H=g’p*—(ap)’ =1 mid —p;d)".

i,5=1
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We immediately conclude that the individual sum terms
Ig:piqj_quza iaj::la"'an

are also invariant. These quantities correspond to the conserved angular momenta in central
force fields (Leach 1977). Consequently, the antisymmetric te(gQris a non-trivial
invariant of then-particle time-dependent harmonic oscillator with time-dependent linear
damping force (39).

The canonical equivalence of (38) and (40)pisysicalas long as the transformation
rules (42) describe the correlationrefal particles coordinates, hence as longés > 0. In
order to show thaf(t) remains positive in the course of its time evolutiorg () > 0, we
make use of Equation (44) to eliminat&) in (46), which yields

IH e W e(t) = w2q® + [fe‘Fp —3E-¢hHa g

Since the right hand side is obviously always positive, we immediatel\fityd> 0 for all ¢.
Thus, for a time-dependent damped harmonic oscillator system (38) there always exists an
equivalent genuine physical system of a time-independent undamped harmonic oscillator (40).

3.4. General time-dependent potential

As generalization of the previous example, we will now transform radegree-of-
freedom Hamiltonian system with a general non-linear time-dependent potential into a time-
independent one. Let the Hamiltonian of the original system be given by

H(q,p,t)=3p* +V(q,t). (48)

Again, we require a destination systéif of the samdorm, but with a potential’’ that does
not explicitly depend on the system’s independent variatje,

H'(q',p)=3p?+V'(d). (49)
The most general “extended” generating functidéh that retains both the quadratic
momentum dependence &f' and a momentum-independent poteniidl turns out to be
precisely the generating function (41) from the previous example (Struckmeier and Riedel
2002a 2002b), setting’(t) = 0, and hencef(t) = 0, as the actual system (48) does
not include damping forces. The transformed Hamiltoni&hnis then again obtained from
the particular transformation rule from Eq. (21) B8 = &£(H — 'H) + H'. Inserting the
HamiltonianH of (48) and the transformation rule fét' of (43), and replacing the unprimed
coordinates, we find

H'(q,p't') = 3p"* + 14> (66 — 38%) + ¢V (VEd' t) .
Thus, a HamiltonianH’ of the form of (49) turns out if the transformed potentidl is
identfied with

V/(dt) = 4a? (6 - 5€2) + €V (VEd 1) (50)

We can now make use of the freedom to appropriately adjust the time correlétidmetween
the original system (48) and the destination system (49) by requiring the new poténtial
be independent of its time explicitly

ov’

o (51)
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By this requirement, we now determig&) — which was initially defined in the generating
function (41) as an arbitrary differentiable function of time. For the potential (50), the
condition (51) evaluates to

ov

Sq +4€ {V(q,t) +1iq &J +4¢ %—‘tf =0. (52)

The linear and homogeneous third-order differential equation (52) is equivalent to the linear
system

a (¢ £ 0 1 0
T 5 = A(¥) 5 , Alt) = 0 0 1 (53)
3 3 —g1(t) —g2(t) O
with the coefficientg;; andg, defined by
40V 4 1 oV
gl(t)*gaa ga(t) = o Vi(g,t) + 5q By

As by definition¢ = £(¢) embodies a function of only, the coefficientg;; and go must

also be functions of time only if the system (53) is to be solvable. This means that all
spatial g-)dependencies ity andg. must be conceived of as implicit time-dependencies via

g = q(t). In other words, the trajectory = g(t) as the solution of the equations of motion
must be known in advance. Equation (53) should, therefore, be regardeceateasiornf

the system of canonical equations. In conjunction with the full set of canonical equations, the
system (53) is closed and its functional dependence is uniquely determined.

Regarding the system matrik(¢), we observe that its trace &wayszero. Hence, the
Wronski determinant of anyx 3 solution matrix2(t) of (53) is always constant, regardless of
the particular form of the system’s potentié(q, ¢). With the3 x 3 unit matrix as a particular
initial condition E(0) = 1), we thus obtain

&1 & &

E(t) = ( §1 §2 §3 ) R E(O) =1, det E(t) =1. (54)
& & &

The transformation rule (43) now provides an integral of mofidor the original system (48)

if and only if £(¢) and its time derivatives represent a linear combination of the three linearly

independent vectors of the solution matei),

H’:sz(t)?‘(—%.(ﬁ)qp-i-%f(t)qQ:const. (55)

With the normalizatiorE(0) = 1, the three invariants, i.e. the three integration constants of
the third order system (53), can be written in matrix form in terms of the transpose solution

matrix =7 (),
Ho &1 5:1 51 H
—30p0 | =| & & & ~igp | . (56)
190 &3 & &3 14’ .

The particular normalizatio®(0) = 1 thus induces the invariants to represent ithigal
valuesof the Hamiltoniar?{ and of the scalar producisp andg?. One might have expected

this result as the generic Hamiltonian system of Equation (48) cannot have invariants other
than its initial conditions and, trivially, combinations thereof. Nevertheless, what is actually
surprising with Equation (56) is the fact that the particular Ve@ﬁ!;’—%qp, %qQ) always
dependdinearly on its initial state, and that this mapping is associated withiedeterminant
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If the given system (48) is autonomou8W{/dt = 0), then the linear equation (52)
obviously has the particular solutigi(t) = 1. With regard to (56), this solution simply
expresses the fact that thalue of the Hamiltonian is a constant of motiof((t) = Hy) if
H does not depend on time explicitly. This well known feature of autonomous Hamiltonian
systems thus appears in our analysis in a more global context. Particularly, we observe that
two other invariants always exist for autonomous systems that are associated with the non-
constant solutiong, (t) and&s ().

The physical meaning of Equation (56) is expressed byitine evolutiorof the elements
of the “transfer matrix=7 (t). As was shown by Struckmeier 2005, the properties of this map
yield information with regard to theegularity of the system’s time evolution.

4. Conclusions

With the present paper, we have provided a consistent reformulation of the classical
Hamiltonian theory on the symplectic extended phase space. The extended description is
based on a generalized understanding of Hamilton’s variational principle by conceiving the
time t(s) = ¢"!(s) and the negative value H(s) = p,+1(s) of the HamiltonianH as

an additional pair of canonically conjugate variables that depends, like all other pairs of
canonically conjugate variables, on a superordinated system evolution parametéth

w = >_.dp; A dg¢* the canonical coordinate representation of the sympleefiiem on7*Q),

the corresponding extended symple@tform  on7* @, is then given by2 = w —dH A dt.

The extended-form 2 was shown to be non-degenerate. From Hamilton's variational
principle, the general form of the extended Hamiltonfdp was derived, and its uniquely
determined relatiolf; ds = (H — H) dt to the conventional HamiltoniaH was established.

The result can now be summarized as follows:

The symplectic Hamiltonian systefT™Q,,Q, Hy), with @; = Q x R, Q =
w—dH Adt, Hi = (H — 'H)dt/ds, andH possibly time-dependent is the proper
canonical extension of the symplectic Hamiltonian systémQ), w,H) with time-
independent Hamiltoniaf .

Neither the frequently cited extended Hamiltonielns = H — H of Lanczos and Synge
nor Carfiena’s extended HamiltoniaHc = f(H — H), with f € C>®(T*Q,), yield a
formulation of dynamics onI(*Q+, 2) that is analogous to that ¢7*Q,w, H). In the first
case, the subsequent canonical equalighls = 1 implies thatHys is not preserved under
non-trivial time transformations(s) — t(s). In the second case, the obtained extended set
of canonical equations cannot be derived from Hamilton’s variational principle.

The canonically invariant form of the extended Hamiltonfdp that is consistent with
Hamilton’s variational principle turned out to coincide with the Hamiltonian of Po#isar
transformation of time. The well-known feature of Poir&arapproach to preserve the
description of the system’s dynamics was reflected by the fact that the extended set of
canonical equations is equivalent to the conventional set of canonical equations.

In contrast, the formulation of extended canonical transformatiori§*é)y was shown
to generalize the conventional presymplectic canonical transformation theory. Specifically,
conventional canonical transformations were shown to constitute the particular subset of
extended ones for which the system evolution parametean be replaced by the time
as a common independent variable of both the original and the destination system. With
F denoting an extended generating function for an extended canonical transformation, we
showed that the extended Hamiltonidh is preserved ifF" does not explicitly depend
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on s. The extended Hamiltonia®/; now meets the requirement to preserve the form of
the canonical equations under extended canonical transformations generated by

We have furthermore worked out the restrictions that are to be imposed on extended
generating functions in order for the transformed tithéo retain the meaning of as a
common parameter for all coordinatgsand ¢’?. In a similar way, the conditions were
obtained for Liouville’s volume form to be separately conserved in the subdpagei.e. in
the conventional phase space.

In the first example, we demonstrated that the Lorentz transformation represents a
particular canonical transformation in the symplectic extended phase space, which preserves
H,, for its generating function does not explicitly dependsorThe Lorentz transformation
was shown to represent a particular extended canonical transformatiorcathiadt be
decomposed into a conventional canonical transformation times a canonical time scaling
transformation. This canonical mapping clearly reveals the conditions for the non-extended
Hamiltonian H to be also Lorentz-invariant. In demonstrating this in the case of a particle
within an electromagnetic field, we obtain a guideline for converting non-Lorentz-invariant
HamiltoniansH into Lorentz-invariant ones.

In the realm of celestial mechanics, the transformation of the physical titoea
“fictitious” time ¢’ is a long-established technique for regularizing singular equations of
motion. With the theory of extended canonical transformations, we can now conceive
regularization transformations of celestial mechanicirdate canonical transformations in
the symplectic extended phase space that predérvelhis was demonstrated explicitly for
Euler’s regularization transformation of the one-dimensional Kepler motion.

Moreover, the generalized concept of canonical transformations perdiiesémapping
of Hamiltonian systems with explicitly time-dependent potentials into time-independent
Hamiltonian systems. An “extended” generating function of typehat defines a canonical
mapping such as this was presented for both the time-dependent harmonic oscillator
with time-dependent damping and for a general time-dependent potential. Similar to the
regularization transformations, this generating function was defined to depend on an arbitrary
time function{(t). The freedom to finally commit oneself to a particufér) was then utilized
to render the destination system autonomous. The fundamental solution of the subsequent
linear third-order differential equation faf(¢) was shown to provide information on the
irregularity of the system’s time evolution (Struckmeier 2005).

To conclude, the symplectic description of possibly time-dependent Hamiltoifans
on the symplectic extended phase spgEeQR), 2) establishes a generalization of the usual
presymplectic description off™*@Q x R,wy). With the extended symplectiz-form €,
the induced extended Poisson bracket should then provide the means for a generalized Lie-
algebraic description of dynamical systems with explicitly time-dependent HamiltoAlans
on the symplectic extended phase space.

Appendix A. Extended Lagrangian description

Appendix A.1. Extended Euler-Lagrange equations

A time-independent Lagrangidnis defined as the mapping of the tangent buridiginto R.
If the Lagrangianl is explicitly time-dependent, then its domairlig) x R, with R denoting
the time axis. In local coordinatég’, '), the actual system path®(t), ¢*(t)) C T'Q is given
as the solution of the variational problem
to
é L(ql,...7q”7ql7...7(j”7t)dtéO.
t1
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The variational integral can be expressed equivalently in parametric form if one replaces the
timet as the independent variable with a new system evolution parameWith

qn+1 =t %3 —_ dq’/ds
’ dgnt1/ds’
we obtain (Lanczos 1949, Arnold 1989)
S2 dql/ds dqn/ds dq'rz+1 |
§| Li{q',....q"™" ds =0. A.l
L/m (q e T A ds ) s (A1)

The integrand of (A.1) thus defines the extended Lagranfian’'Q, — R,
dg, ] ny1 dg'/ds dg"/ds '\ dg"*!
L — | =1L R L . A.2
1 (‘h» ds ) (q ) ,q ) dqn+1/d57 ) dqn+1/d5 ds ) ( )
with ¢1 = (q,t) € Q xR = @, the extended configuration space vector. The local coordinate

representation of the actual system patt{s), ¢‘(s)) C TQ; is now given as the solution of
the variational problem

5/ L1< ,dq(i()>dséo. (A.3)

As in the case of the conventional variational problem with a Lagranbiang), we find that
(A.3) is globally fulfilled if the extended set of Euler-Lagrange equations is satisfied,

oL, d 0L B
9gr  ds (a<dq1/ds>) =0 e
The following identities are readily derived from (A.2)
é@ﬂ,:‘§f§237 _0L Q£7 (A.5)
0q dsoq d(dg/ds)  0q
oL, _ dtoL oL, . 0L
ot dsot’ adt/ds)  ~ Taq’ (A.6)
which make it possible to rewrite (A.4) in terms of the conventional Lagranfian
dt(s) [OL oL dg(s) [OL d (OLY\] _
ds {8q <8q )] 0, ds |9q dt\oqg)| 0. (A7)

We observe that both equations (A.7) are fulfilled if and only if the equations in brackets
— the conventional Euler-Lagrange equations — are satisfied. Thus, the extended set of
Euler-Lagrange equations (A.4) is equivalent to the conventional set andhdbpsovide

an additional equation of mation far= t(s). This result corresponds to the observation
from (10) that the extended set of canonical equations does not furnish a substantial canonical
equation fordt/ds, thus leaving the parameterization of time undetermined. Nevertheless,
we may take advantage of having introduced the extended Lagrahgiahis now possible

to mapL; by means of a Legendre transformation into an extended Hamiltd#jarhose
domain is the symplectic manifolf* Q) .

Appendix A.2. Extended Hamiltonidh as the Legendre transform of the extended
Lagrangianl,

Replacing all derivativedq’ /ds with cdq’/ds, ¢ € R, we realize thal.; from Equation (A.2)
is a homogeneous form of first order in thet 1 variablesdq! /ds, . ..,d¢" ! /ds. Hence,
Euler’s theorem on homogeneous functions yields the identity (Lanczos 1949)

n+1

8[/1 dq
Z d(dg'/ds) ds A8
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For the indices = 1,...,n, the partial derivatives of,; along the fibreslq’ /ds define the

generalized canonical momentga
0L, oL )
— = — =1, =1,...,n. A.9
a(dgi/ds) _og P " " (A-9)

The partial derivative of.; with respect talg"*! /ds follows from its definition in (A.2) as

oL,
B(dgrti/ds) — LT ;pzq = —H(q.p,1). (A.10)

Inserting (A.9) and (A.10) into the identity (A.8), the extended Lagrandiaakes on the
form

n dqi dqn+1
Li=) pig—Hapt)—5— (A-11)
=1

With the extended HamiltoniaH, as the Legendre transform 6f
n+1

dqg’
o, = Zpig - Ly,
i=1

we find, inserting the identity fof; from (A.11), that the index. + 1 furnishes the only
remaining term

n+1

HE[H Pot) + Pt | ——
1 (q,p;t) + Pnt1 s

From Equation (A.10), we conclude that in the description of the extended phase/sSgace
the canonical variablg, .1 (s) € R, i.e. the derivative of.; along the fibrelt/ds, is uniquely
determinedby the negative value H(s) of the Hamiltoniand : 7*Q x R — R

Prsi(s) = —H(s) £ ~H(a(s), p(s), 1(s)) . (A13)
With p,,1 = —H andg™*! = ¢, the extended HamiltoniaH, from (A.12) is finally obtained
as theimplicit function

(A.12)

Hy(q.p.01) = [H(g(s).p(s). 1(s)) — H(s)] 20 2
The extended Hamiltonian (A.14) coincides with the Hamiltonian previously obtained

in (6). As the extended HamiltoniaA; does not vanishdentically in T*Q, the partial
derivatives of (A.14) are non-zero in general. Therefore, in contrast to the assertion of
Lanczos (Lanczos 1949, p 187), the extended HamiltoAlamust not be eliminated from

the integrand of the generalized variational problem (8).

0. (A.14)
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